Mirrors of dynamic curvature for linear solar concentrators by Xiao, Gang
Mirrors of dynamic curvature for linear solar
concentrators
Gang Xiao
To cite this version:
Gang Xiao. Mirrors of dynamic curvature for linear solar concentrators. 2012. <hal-00675220>
HAL Id: hal-00675220
https://hal.archives-ouvertes.fr/hal-00675220
Submitted on 29 Feb 2012
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.
▼✐rr♦rs ♦❢ ❞②♥❛♠✐❝ ❝✉r✈❛t✉r❡ ❢♦r ❧✐♥❡❛r s♦❧❛r
❝♦♥❝❡♥tr❛t♦rs
●❛♥❣ ❳✐❛♦ ✭❯♥✐✈❡rs✐t② ♦❢ ◆✐❝❡✱ ❋r❛♥❝❡✮
❋❡❜r✉❛r② ✷✾✱ ✷✵✶✷
❆❜str❛❝t
❚❤❡ ❧✐♥❡❛r ❋r❡s♥❡❧ r❡✢❡❝t♦r s♦❧❛r t❡❝❤♥♦❧♦❣② s✉✛❡rs ❢r♦♠ t❤❡ ❧❛❝❦ ♦❢
♦♣t✐❝❛❧ ♣r❡❝✐s✐♦♥✱ ❞✉❡ t♦ t❤❡ ❞②♥❛♠✐❝ ❝❤❛♥❣❡ ♦❢ ♦♣t✐❝❛❧ ❞✐st❛♥❝❡ ❜r♦✉❣❤t
❛❜♦✉t ❜② t❤❡ r♦t❛t✐♦♥ ♦❢ t❤❡ ♠✐rr♦r str✐♣s✳
❲❡ ♣r♦♣♦s❡ ❛ s✐♠♣❧❡ ♠❡t❤♦❞ t♦ ♣r♦❞✉❝❡ ♠✐rr♦r str✐♣s ✇✐t❤ ❞②♥❛♠✐❝
❝✉r✈❛t✉r❡ ♦❢ ❤✐❣❤ ♣r❡❝✐s✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ t♦ s✐❣♥✐✜❝❛♥t❧② ❡♥❤❛♥❝❡ t❤❡
♦♣t✐❝❛❧ ❝♦♥❝❡♥tr❛t✐♦♥ ❡✣❝✐❡♥❝② ♦❢ ❧✐♥❡❛r ❋r❡s♥❡❧ r❡✢❡❝t♦r s♦❧❛r ❝♦♥❝❡♥tr❛✲
t♦rs✳ ❚❤❡ ❜❛s✐❝ ✐❞❡❛ ✐s t♦ ❝r❡❛t❡ ❛ ❞②♥❛♠✐❝❛❧❧② ♠♦❞✐✜❛❜❧❡ ❞❡♣r❡ss✐♦♥
❜❡❤✐♥❞ t❤❡ ♠✐rr♦r✱ t❤❛t ❝✉r✈❡s t❤❡ ♠✐rr♦r t❤r♦✉❣❤ t❤❡ ❡❧❛st✐❝ ❞❡✢❡❝t✐♦♥ ♦❢
t❤❡ ♠✐rr♦r✬s s✉❜str❛t❡✳
■♥tr♦❞✉❝t✐♦♥
❚❤❡ ❧✐♥❡❛r ❋r❡s♥❡❧ r❡✢❡❝t♦r ✭▲❋❘✮ s♦❧❛r ❝♦♥❝❡♥tr❛t♦r ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ♣r♦♠✐s✲
✐♥❣ s♦❧❛r t❤❡r♠❛❧ t❡❝❤♥♦❧♦❣✐❡s✳ ■t ✉s❡s ♠✉❧t✐♣❧❡ ✐♥❞❡♣❡♥❞❡♥t❧② r♦t❛t✐♥❣ ♠✐rr♦r
str✐♣s t♦ r❡✢❡❝t t❤❡ ❙✉♥✬s r❛❞✐❛t✐♦♥s ♦♥t♦ ❛ ❧✐♥❡❛r r❡❝❡✐✈❡r ❛t ✜①❡❞ ♣♦s✐t✐♦♥✳
❖♥❡ ♦❢ t❤❡ ❜✐❣❣❡st ♣r♦❜❧❡♠s ♦❢ t❤❡ ❧✐♥❡❛r ❋r❡s♥❡❧ t❡❝❤♥♦❧♦❣② ✐s t❤❡ ❧❛❝❦ ♦❢
♦♣t✐❝❛❧ ♣r❡❝✐s✐♦♥✳ ❖r✐❣✐♥❛❧❧②✱ t❤❡ ♠✐rr♦r str✐♣s ❛r❡ ✢❛t✳ ❇✉t ✢❛t ♠✐rr♦rs ♦✛❡r
✈❡r② ❧✐♠✐t❡❞ ❝♦♥❝❡♥tr❛t✐♥❣ ❝❛♣❛❝✐t②✱ ❛s ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ❢♦❝✉s ✇✐❞t❤ ✇✐❧❧ ♥♦t
❜❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ♠✐rr♦r str✐♣s✳ ❘❡❝❡♥t❧②✱ ❝♦♥❝❛✈❡ ♠✐rr♦r str✐♣s
✇✐t❤ st❛t✐❝ ❝✉r✈❛t✉r❡ ❛r❡ ♣r♦♣♦s❡❞✱ ❜❛s❡❞ ♦♥ t❤❡ ❡❧❛st✐❝ ❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ ❣❧❛ss
s❤❡❡t ❬✼❪✳
❆❧t❤♦✉❣❤ t❤❡ st❛t✐❝❛❧❧② ❝✉r✈❡❞ ♠✐rr♦rs ❛r❡ ♠♦r❡ ♣r❡❝✐s❡ t❤❛♥ t❤❡ ✢❛t ♦♥❡s
❛♥❞ ♦✛❡r ❛ ❤✐❣❤❡r ❝♦♥❝❡♥tr❛t✐♥❣ ❝❛♣❛❝✐t②✱ t❤❡✐r ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❛r❡ st✐❧❧ ❧❡ss
t❤❛♥ ♦♣t✐♠❛❧✳ ❆s ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡s ✹ ❛♥❞ ✻ ♦❢ ❬✸❪✱ t❤❡ ❢♦❝✉s✱ ❤❡♥❝❡ t❤❡ ♦♣t✐❝❛❧
♣r❡❝✐s✐♦♥✱ ♦❢ t❤❡ ♠✐rr♦rs ✈❛r✐❡s ✇✐t❤ t❤❡ ❛♥❣❧❡ ♦❢ t❤❡ ❙✉♥✳ ■♥ ❙❡❝t✐♦♥ ✶✱ ✇❡ ❝❛rr②
❛ ❣❡♦♠❡tr✐❝ st✉❞② ♦❢ t❤❡ s✐t✉❛t✐♦♥✱ ✜♥❞✐♥❣ ♦✉t t❤❛t ❢♦r ❛♥ ♦♣t✐♠✐③❡❞ r❡❝❡✐✈❡r✱
t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❢♦❝❛❧ ❧❡♥❣t❤ r❡s✉❧ts ✐♥ ❛ ♥♦♥✲♥❡❣❧✐❣❡❛❜❧❡ ✐♥t❡r❝❡♣t ❧♦ss ♣❧✉s
❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ t❤❡r♠❛❧ ❧♦ss ❜② t❤❡ r❡❝❡✐✈❡r✳
❚❤❡ ❧✐♠✐t❡❞ ❝♦♥❝❡♥tr❛t✐♦♥ r❛t✐♦✱ ❤❡♥❝❡ t❤❡ ❧❛r❣❡ s✐③❡ ♦❢ t❤❡ r❡❝❡✐✈❡r ❛♥❞
t❤❡ ❤✐❣❤ t❤❡r♠❛❧ ❧♦ss❡s ❢r♦♠ ✐t✱ ✐s ♥♦t t❤❡ ♦♥❧② ❞r❛✇❜❛❝❦ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡
❢♦❝✉s✳ ▼♦st ▲❋❘ r❡❝❡✐✈❡rs ♥♦✇ ✉s❡ ❛ ♠✉❧t✐♣❧❡ ♦❢ ♣❛r❛❧❧❡❧ ♣✐♣❡s ❛s ❤❡❛t ❛❜s♦r❜❡r✳
❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❢♦❝✉s ❧❡❛❞s t♦ ❛ ✇✐❞❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❧✐❣❤t
✶
✐♥t❡♥s✐t② ♦♥ t❤❡ ❞✐✛❡r❡♥t ❛❜s♦r❜✐♥❣ ♣✐♣❡s✱ ❝r❡❛t✐♥❣ s❡r✐♦✉s ❞✐✣❝✉❧t✐❡s ❢♦r t❤❡
❜❛❧❛♥❝❡ ♦❢ ✢✉① ❛♥❞ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ ✢✉✐❞ ✇✐t❤✐♥ t❤❡ ❞✐✛❡r❡♥t ♣✐♣❡s✳
❚❤❡ ♦♥❧② s♦❧✉t✐♦♥ t♦ t❤✐s ♣r♦❜❧❡♠ ✐s t♦ ✉s❡ ❝♦♥❝❛✈❡ ♠✐rr♦rs ✇✐t❤ ❞②♥❛♠✐❝
❝✉r✈❛t✉r❡✳ ❆ ♣r♦♣♦s✐t✐♦♥ t♦ t❤✐s ❡♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷❪✱ ❜✉t t❤❡ ❝♦♠♣✉t❛t✐♦♥s
t❤❡r❡ ❛r❡ r❛t❤❡r r♦✉❣❤✳ ■♥ ❢❛❝t✱ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣♦✐♥t ❤❡r❡ ✐s t❤❛t t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❝✉r✈❛t✉r❡ ♠✉st ❜❡ ❛s ✉♥✐❢♦r♠ ❛s ♣♦ss✐❜❧❡ ♦♥ t❤❡ ✇❤♦❧❡ s✉r❢❛❝❡
♦❢ t❤❡ ♠✐rr♦r✱ ✇✐t❤✐♥ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ t❤❡ ❛✈❡r❛❣❡ ❝✉r✈❛t✉r❡✳
❚❤❡r❡ ❛r❡ ♦t❤❡r ♠✐♥♦r ❢❛❝t♦rs t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✱ ✐♥❝❧✉❞✐♥❣ t❤❡ s✐♠♣❧✐❝✐t② ❛♥❞
t❤❡ ❝♦st ♦❢ t❤❡ ❝♦♥tr♦❧ ♠❡❝❤❛♥✐s♠✱ t❤❡ r❡s✐st❛♥❝❡ t♦ ✇✐♥❞ ❧♦❛❞✱ ❡t❝✳
❚❤❡ ♠❛✐♥ ♣✉r♣♦s❡ ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s t♦ ❞✐s❝✉ss t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ ♠❛❦✐♥❣ ♠✐rr♦rs
♦❢ ❞②♥❛♠✐❝ ❝✉r✈❛t✉r❡ ❢♦r ▲❋❘ ❝♦♥❝❡♥tr❛t♦rs✳ ■♥ ❙❡❝t✐♦♥ ✷✱ ❛ s✐♠♣❧❡ ♠❡t❤♦❞ t♦
❝r❡❛t❡ ❛ ✉♥✐❢♦r♠ ❝✉r✈❛t✉r❡ ✈❛r✐❛t✐♦♥ ✐s ♣r♦♣♦s❡❞✳ ■t ✐s s❤♦✇♥ t❤❛t ✉s✐♥❣ t❤❡
❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❛♥❞ ❛ r❡✐♥❢♦r❝❡♠❡♥t str✉❝t✉r❡ ❛t t❤❡ ❜❛❝❦ ♦❢ t❤❡ ♠✐rr♦r✱ ❛
❞②♥❛♠✐❝❛❧❧② ✈❛r✐❛❜❧❡ ❝✉r✈❛t✉r❡ ❝❛♥ ❜❡ ❝r❡❛t❡❞✱ ✇✐t❤ ❛ ✈❡r② ❤✐❣❤ ♦♣t✐❝❛❧ ♣r❡❝✐s✐♦♥
❛♥❞ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ✈❛r✐❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✇✐t❤ ❛ s♠❛❧❧ ❡❧❡❝tr✐❝ ❢❛♥✱ ❛ s✐♥❣❧❡
❝♦♥tr♦❧ ♣♦✐♥t ✐s ❡♥♦✉❣❤ t♦ ❝♦♥tr♦❧ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ ❛ ♠✐rr♦r str✐♣ ✇✐t❤ ♠♦r❡
t❤❛♥ 10m2 ♦❢ r❡✢❡❝t✐✈❡ s✉r❢❛❝❡✳
❉❡t❛✐❧❡❞ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ♠❛❞❡ ✉s✐♥❣ ❝♦♥❝r❡t❡ ❡①❛♠♣❧❡s✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦✈❡r
♠✐rr♦rs ♦❢ st❛t✐❝ ❝✉r✈❛t✉r❡ ✐s ♦❜✈✐♦✉s✳ ❲✐t❤ ❛ ❤✐❣❤❡r ♦♣t✐❝❛❧ ♣r❡❝✐s✐♦♥✱ ♠✐rr♦rs
♦❢ ❞②♥❛♠✐❝ ❝✉r✈❛t✉r❡ ❡❧✐♠✐♥❛t❡s ✐♠♣♦rt❛♥t ✐♥t❡r❝❡♣t ❧♦ss ❛♥❞ r❡❞✉❝❡s t❤❡ s✐③❡
♦❢ t❤❡ r❡❝❡✐✈❡r✳ ❚❤❡ ❣❛✐♥ ✐♥ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t♦r ✐s ❡st✐♠❛t❡❞ t♦ ❜❡
♠♦r❡ t❤❛♥ 20%✳
▼✐rr♦rs ♦❢ ❞②♥❛♠✐❝ ❝✉r✈❛t✉r❡ ❛r❡ ♦❢ s♣❡❝✐❛❧ ✐♥t❡r❡st ❢♦r ▲❋❘ ❝♦♥❝❡♥tr❛t♦rs
♦❢ s♠❛❧❧ s✐③❡✳ ❚r❛❞✐t✐♦♥❛❧❧②✱ ❛ s♠❛❧❧ ▲❋❘ ❝♦♥❝❡♥tr❛t♦r ♠✉st ✉s❡ ♥❛rr♦✇ ♠✐rr♦r
str✐♣s✱ ❜❡❝❛✉s❡ ❛ ♠✐♥✐♠❛❧ ♥✉♠❜❡r ♦❢ ♠✐rr♦r str✐♣s ✐s r❡q✉✐r❡❞ ❢♦r ❛ r❡❛s♦♥❛❜❧❡
♣❡r❢♦r♠❛♥❝❡✳ ❇✉t ♥❛rr♦✇ ♠✐rr♦r str✐♣s ❧❡❛❞ t♦ ❤✐❣❤❡r ❝♦st✱ ❞✉❡ t♦ t❤❡ ♠✉❧t✐♣❧✐✲
❝❛t✐♦♥ ♦❢ ♦✈❡r❤❡❛❞✳ ❯s✐♥❣ ♠✐rr♦rs ♦❢ ❞②♥❛♠✐❝ ❝✉r✈❛t✉r❡✱ ❝♦♥❝❡♥tr❛t♦rs ✇✐t❤ ❛s
❢❡✇ ❛s ✹ ♠✐rr♦r str✐♣s ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞✱ ❡❧✐♠✐♥❛t✐♥❣ t❤✐s ♣r♦❜❧❡♠✳ ❆ ❝♦♥❝r❡t❡
❡①❛♠♣❧❡ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳
✶ ▼✐rr♦r ✇✐t❤ st❛t✐❝ ❝✉r✈❛t✉r❡ ❛♥❞ ✐ts ❢♦❝❛❧ ❧❡♥❣t❤
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❛♣❡rt✉r❡ ✇✐❞t❤ ♦❢ t❤❡
r❡❝❡✐✈❡r ❢♦r ❛ ▲❋❘ ❝♦♥❝❡♥tr❛t♦r ✉s✐♥❣ ❝♦♥❝❛✈❡ ♠✐rr♦rs ✇✐t❤ st❛t✐❝ ❝✉r✈❛t✉r❡✳
❚❤❡ ❝♦♠♣✉t❡❞ ✇✐❞t❤ ✇✐❧❧ ❧❛t❡r ❜❡ ✉s❡❞ t♦ ❝♦♠♣❛r❡ ✇✐t❤ t❤❛t ♦❢ ♠✐rr♦rs ✇✐t❤
❞②♥❛♠✐❝ ❝✉r✈❛t✉r❡✳
❚❤❡ ❢♦❝❛❧ ❧❡♥❣t❤ ♦❢ ❛ ❝♦♥❝❛✈❡ ♠✐rr♦r ✈❛r✐❡s ✇✐t❤ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❢♦❝✉s✱
❛s s❤♦✇♥ ❜② ❋✐❣✉r❡ ✶✳ ❲❤❡♥ t❤❡ ♠✐rr♦r ♠♦✈❡s ❢r♦♠ ♣♦s✐t✐♦♥ ✭✸✮ t♦ ♣♦s✐t✐♦♥
✭✹✮ ❞✉❡ t♦ t❤❡ r♦t❛t✐♦♥ ♦❢ t❤❡ ✐♥❝♦♠✐♥❣ ❧✐❣❤t ✭✺✮✱ t❤❡ ❢♦❝❛❧ ♣♦✐♥t ♦❢ t❤❡ r❡✢❡❝t❡❞
❧✐❣❤t ♠♦✈❡s ❢r♦♠ ✭✷✮ t♦ ✭✼✮✱ ✇✐t❤ ❛ s❤♦rt❡r ❞✐st❛♥❝❡ t♦✇❛r❞s t❤❡ ♠✐rr♦r✳ ❙♦ ♦♥
t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡❝❡✐✈❡r ✭✷✮✱ t❤❡ r❡✢❡❝t❡❞ ❧✐❣❤t s❝❛tt❡rs ♦✉t ✇✐❞❡❧②✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t N ❜❡ t❤❡ ♥♦r♠❛❧ ❧✐♥❡ ♦❢ t❤❡ ♠✐rr♦r s✉r❢❛❝❡ ❛t t❤❡ ❝❡♥t❡r p
♦❢ t❤❡ ♠✐rr♦r✱ v1 ✭r❡s♣✳ v2✮ ❜❡ t❤❡ ✈❡❝t♦r ❢r♦♠ t❤❡ p t♦ t❤❡ ❙✉♥ ✭r❡s♣✳ t❤❡ ❝❡♥t❡r
♦❢ t❤❡ r❡❝❡✐✈❡r✮✱ ❛♥❞ α ❜❡ t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ N ❛♥❞ v2✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳
▲❡t r ❜❡ t❤❡ r❛❞✐✉s ♦❢ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♠✐rr♦r✳ ❚❤❡♥ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ✇✐❞t❤
✷
❋✐❣✉r❡ ✶✿ ❚❤❡ ❢♦❝❛❧ ❧❡♥❣t❤ ♦❢ ❛ ❝♦♥❝❛✈❡ ♠✐rr♦r
W ♦❢ t❤❡ ♠✐rr♦r ✐s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ r✱ t❤❡ ❞✐st❛♥❝❡ δ ❢r♦♠ p t♦ t❤❡ ❢♦❝✉s ♦❢
t❤❡ r❡✢❡❝t❡❞ s✉♥❧✐❣❤t ✐s ❣✐✈❡♥ ❜②
δ =
1
2
r cos (α) .
◆♦✇ ✐❢ d ✐s t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ p t♦ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ r❡❝❡✐✈❡r✱ ❛♥❞ ✐❢ t❤❡
❛♣❡rt✉r❡ ♦❢ t❤❡ r❡❝❡✐✈❡r ✐s ❛ ♣❧❛♥❡ ♦❢ ✇✐❞t❤ V ✇❤♦s❡ ♥♦r♠❛❧ ❧✐♥❡ ❤❛s ❛♥ ❛♥❣❧❡
β ✇✐t❤ t❤❡ ✈❡❝t♦r v2✱ t❤❡♥ t❤❡ r❡✢❡❝t❡❞ ✐♠❛❣❡s ♦❢ ❧✐❣❤t r❛②s ❝♦♠✐♥❣ ❢r♦♠ t❤❡
❝❡♥t❡r ♦❢ t❤❡ ❙✉♥ ❤❛s ❛ ✇✐❞t❤ U ′ ❣✐✈❡♥ ❜②
U ′ = U ′ (α, β) =
∣∣∣∣d− δδ
∣∣∣∣W cos (α) / cos (β) .
❆❞❞✐♥❣ t❤❡ ❙✉♥✬s ❛♥❣✉❧❛r ❞✐❛♠❡t❡r ❛♥❞ ❡♥❣✐♥❡rr✐♥❣ ❡rr♦r ♠❛r❣✐♥s✱ ✇❡ ❣❡t t❤❡
t♦t❛❧ ✇✐❞t❤ U ♦❢ t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ s✉♥❧✐❣❤t ♦♥ t❤❡ r❡❝❡✐✈❡r
U = U (α, β) =
(∣∣∣∣d− δδ
∣∣∣∣W cos (α) + cd
)
/ cos (β) ✭✶✮
✇❤❡r❡ c ✐s t❤❡ ❛♥❣✉❧❛r ❞✐❛♠❡t❡r ♦❢ t❤❡ ❝♦♥❡ ♦❢ t❤❡ r❡✢❡❝t❡❞ s✉♥❧✐❣❤t ❢r♦♠ p✳ ■♥
♣r❛❝t✐❝❡✱ ❡♥❣✐♥❡❡r✐♥❣ ❡rr♦r ♠❛r❣✐♥s ♦t❤❡r t❤❛♥ t❤❛t r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ♣r♦❜❧❡♠ ♦❢
❢♦❝❛❧ ❞✐st❛♥❝❡ ❝❛♥ ❜❡ ❡♥❝♦r♣♦r❛t❡❞ ✐♥t♦ c✳ ❆s t❤❡ ❛♥❣✉❧❛r ❞✐❛♠❡t❡r ♦❢ t❤❡ ❙✉♥ ✐s
❛❜♦✉t 0.009 ✭9 ♠r❛❞✮✱ ❛ t②♣✐❝❛❧ ✈❛❧✉❡ ♦❢ c ✐s 0.015 ✇✐t❤ 6 ♠r❛❞ ❢♦r t❤❡ ❝♦♠❜✐♥❡❞
✸
❋✐❣✉r❡ ✷✿ ❘❡✢❡❝t✐♦♥ ♦❢ ❛ ♠✐rr♦r
st❛t✐st✐❝❛❧ ❡rr♦r ♠❛r❣✐♥ s✉❝❤ ❛s tr❛❝❦✐♥❣ ❡rr♦r✱ s✉r❢❛❝❡ ❡rr♦r✱ ♠❛♥✉❢❛❝t✉r✐♥❣ ❡rr♦r
♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts✱ ❡t❝✳ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✶❪✮✳
❚❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ t❤❡ r❡✢❡❝t❡❞ s✉♥❧✐❣❤t t❤❛t ❤✐ts t❤❡ ❛♣❡rt✉r❡ ♦❢ t❤❡ r❡❝❡✐✈❡r
✐s ❣✐✈❡♥ ❜②
η = η (α, β) =
{
1 ✐❢ U ≤ V
V/U ✐❢ U > V
✭✷✮
❚❤✐s ✐s t❤❡ ✐♥t❡r❝❡♣t ❡✣❝✐❡♥❝② ✇✐t❤ ❣✐✈❡♥ ❛♥❣❧❡s ❛♥❞ ❣✐✈❡♥ ✇✐❞t❤s✳
◆♦✇ ❧❡t γ ❜❡ t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ❙✉♥ ❛♥❞ t❤❡ ③❡♥✐t❤✳ ❲❡ ❤❛✈❡ α =
1
2 (γ − β)✱ ♦r γ = β+2α✳ ❋♦r γ ✈❛r②✐♥❣ ✇✐t❤✐♥ ❛ r❛♥❣❡ [γ1, γ2]✱ t❤❡ t♦t❛❧ ❛♠♦✉♥t
♦❢ t❤❡ r❛❞✐❛t✐✈❡ ❡♥❡r❣② r❡✢❡❝t❡❞ ❜② t❤❡ ♠✐rr♦r ✐s ❣✐✈❡♥ ❜② t❤❡ ✐♥t❡❣r❛❧
T = T (β) =
γ2ˆ
γ1
F cos (α) dγ =
γ2ˆ
γ1
F cos
(
1
2
(γ − β)
)
dγ ,
✇❤❡r❡ F ✐s ❛ ❝♦♥st❛♥t✳ ❆♥❞ ❜② ✭✷✮✱ t❤❡ ❛♠♦✉♥t ♦❢ t❤❡ r❡✢❡❝t❡❞ r❛❞✐❛t✐♦♥ t❤❛t
❤✐ts t❤❡ r❡❝❡✐✈❡r ❛♣❡rt✉r❡ ✐s
S = S (V, β) =
γ2ˆ
γ1
Fη (α, β) cos (α) dγ .
❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ t❤❡ ❛✈❡r❛❣❡ ✐♥t❡r❝❡♣t ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♠✐rr♦r ❣✐✈❡♥ ❜②
e (V, β) = S (V, β) /T (β) , ✭✸✮
❛♥❞ t❤❡ ❛✈❡r❛❣❡ ✐♥t❡r❝❡♣t ❡✣❝✐❡♥❝② E (V ) ♦❢ t❤❡ ✇❤♦❧❡ ▲❋❘ ❝♦♥❝❡♥tr❛t♦r ❝❛♥
❜❡ ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ t❤❡ ❛✈❡r❛❣❡ ♦❢ e (V, β) ♦✈❡r ❛❧❧ ♠✐rr♦r str✐♣s ♦❢ t❤❡ ❝♦♥✲
❝❡♥tr❛t♦r✳
❚❤✐s ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♦♣t✐♠❛❧ ❛♣❡rt✉r❡
✇✐❞t❤ V ♦❢ t❤❡ r❡❝❡✐✈❡r✳ ❚♦ ❞♦ s♦✱ ✇❡ t❛❦❡ ❛s ❡①❛♠♣❧❡ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡
✹
❝♦♥❝❡♥tr❛t♦r ❞❡s❝r✐❜❡❞ ✐♥ ❬✸❪✳ ❙❡❡ ❚❛❜❧❡ ✶ ♦❢ ❬✸❪ ❢♦r t❤❡ ❞❛t❛ ♦❢ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥✳
◆♦t❡ t❤❛t W = 0.4m ❢♦r t❤✐s ❝❛s❡✱ ❛♥❞ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ r❡❝❡✐✈❡r ✐s 2.5m =
6.25W ♦✈❡r t❤❡ ♠✐rr♦r ✜❡❧❞✳ ❚❤❡r❡ ❛r❡ ✺ ♠✐rr♦rs ❛t ❡❛❝❤ s✐❞❡ ♦❢ t❤❡ r❡❝❡✐✈❡r✱
✇✐t❤ r❡s♣❡❝t✐✈❡ ✈❛❧✉❡s ♦❢ β ❛t 6.28◦, 18.26◦, 28.81◦, 37.60◦, 44.71◦✳
❙✉♣♣♦s❡ t❤❛t t❤❡ ❝♦♥❝❡♥tr❛t♦r ✐s ✐♥st❛❧❧❡❞ ✇✐t❤ ❛ ♥♦rt❤✲s♦✉t❤ ❛①✐s✱ ❛♥❞ ✇❡
t❛❦❡ γ2 = −γ1 = 65◦ = 1.1345✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❞❛✐❧② ♠♦✈❡♠❡♥t ♦❢ t❤❡ ❙✉♥
❢r♦♠ ✼✿✹✵ ❛♠ t♦ ✶✻✿✷✵ ♣♠✳
❚❤❡ ♠✐rr♦r ❝✉r✈❛t✉r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶ ♦❢ ❬✸❪ ✐s ❛❞❥✉st❡❞ t♦ r = 2d✱ ✐♥ ♦t❤❡r
✇♦r❞s t❤❡ ❢♦❝✉s ♦❢ t❤❡ ♠✐rr♦r str✐♣ ✐s ♦♥ t❤❡ r❡❝❡✐✈❡r ✇❤❡♥ α = 0✳ ■♥ t❤✐s ❝❛s❡✱ ✐❢
V = 0.1m = 0.25W ❛s s✉❣❣❡st❡❞ ✐♥ ❬✸✱ ❋✐❣✉r❡ ✼❪✱ ❛ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♦♥ ✭✸✮
❣✐✈❡s E (0.25W ) = 0.914✱ ✐♥ ♦t❤❡r ✇♦r❞s t❤❡ ❡♥t❡r❝❡♣t ♠✐ss ✐s ❛s ❤✐❣❤ ❛s 8.6%✳
❚❤❡ ❣r❛♣❤ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ 1−E (V ) ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳ ❚❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡
♦❢ V/W ❞❡♣❡♥❞s ♦♥ t❤❡ t❤❡r♠❛❧ ❧♦ss ♦❢ t❤❡ r❡❝❡✐✈❡r✱ ❛♥❞ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞
✈✐❛ ❋✐❣✉r❡ ✸✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ss✉♠❡ t❤❛t ✐♥❝r❡❛s✐♥❣ V/W ❜② 0.01 ✐♥❝r❡❛s❡s t❤❡
t❤❡r♠❛❧ ❧♦ss ❜② 0.6% ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛♠♦✉♥t ♦❢ ❡♥❡r❣② ❛❜s♦r❜❡❞ ❜② t❤❡
r❡❝❡✐✈❡r✳ ❚❤❡♥ t❤❡ ♦♣t✐♠✉♠ ♦❢ E (V ) ✐s ♦❜t❛✐♥❡❞ ❛t ❛ ♣♦✐♥t ♦❢ t❤❡ ❝✉r✈❡ ✇❤❡r❡
t❤❡ s❧♦♣❡ ♦❢ t❤❡ t❛♥❣❡♥t ✐s dE/d (V/W ) = 0.6✳ ❚❤❡ ❞♦tt❡❞ ❧✐♥❡ ✐♥ t❤❡ ❣r❛♣❤
s❤♦✇s t❤❛t t❤✐s ♣♦✐♥t ✐s ♥❡❛r V/W = 0.28✱ ❢♦r 1− E (V ) ∼ 6.5%✳
❋✐❣✉r❡ ✸✿ ❚❤❡ ✐♥t❡r❝❡♣t ♠✐ss ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ V/W
◆♦t❡ t❤❛t t❤❡ ❤✐❣❤❡st ✈❛❧✉❡s ♦❢ e (V, β) ♦❝❝✉rs ✇❤❡♥ |γ| ✐s ♥❡❛r ✐ts ♠❛①✐♠✉♠✱
❛♥❞ ❤❡♥❝❡ t❤❡ ♠✐rr♦r ❡✣❝✐❡♥❝✐❡s ❛r❡ ❧♦✇❡st ❞✉❡ t♦ t❤❡ ❝♦s✐♥❡ ❢❛❝t♦r✳ ❚❤❡r❡❢♦r❡
t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❢♦❝❛❧ ❧❡♥❣t❤s ♦❢ ♠✐rr♦rs ✇✐t❤ st❛t✐❝ ❝✉r✈❛t✉r❡ ✇♦rs❡♥s t❤❡
✢✉❝t✉❛t✐♦♥ ♦❢ t❤❡ ♦✉t♣✉t ♦❢ t❤❡ ▲❋❘ ❝♦♥❝❡♥tr❛t♦r✳
✷ ▼✐rr♦rs ♦❢ ❞②♥❛♠✐❝ ❝✉r✈❛t✉r❡
❚❤❡ ❜❡st ♠❛t❡r✐❛❧ ❢♦r ❛ s♦❧❛r ♠✐rr♦r ✐s t❤❡ ❜❛❝❦ s✉r❢❛❝❡ ❣❧❛ss ♠✐rr♦r✱ ❢♦r ✐ts
♣❡r❢♦r♠❛♥❝❡✱ ❞✉r❛❜✐❧✐t② ❛♥❞ ❧♦✇ ❝♦st✳ ❆♥❞ ❛ ❝♦♥❝❛✈❡ ❣❧❛ss ♠✐rr♦r ❝❛♥ ❜❡ ❢♦r♠❡❞
❢r♦♠ ❛ ✢❛t ❣❧❛ss s❤❡❡t✱ ✈✐❛ ❡❧❛st✐❝ ❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ ❣❧❛ss✳ ❋♦r ❡①❛♠♣❧❡✱ ❬✼❪
✺
❞❡s❝r✐❜❡s ❛ ♠❡t❤♦❞ t♦ ❢♦r♠ ❛ ❝♦♥❝❛✈❡ ♠✐rr♦r ♦❢ st❛t✐❝ ❝✉r✈❛t✉r❡ ✉s✐♥❣ ❡❧❛st✐❝
❞❡✢❡❝t✐♦♥✳
❊❧❛st✐❝ ❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ ❣❧❛ss s❤❡❡t ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ t♦ ❢♦r♠ ❛ ❝♦♥❝❛✈❡
♠✐rr♦r ♦❢ ❞②♥❛♠✐❝ ❝✉r✈❛t✉r❡✳ ❚❤❡ ❞✐✣❝✉❧t✐❡s ❛r❡ t❤❡ s✐♠♣❧✐❝✐t② ♦❢ t❤❡ ❝♦♥tr♦❧✱
❛ s✉✣❝✐❡♥t r❛♥❣❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❝✉r✈❛t✉r❡✱ ❛♥❞ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❝✉r✈❛t✉r❡ ♦✈❡r t❤❡ ✇❤♦❧❡ s✉r❢❛❝❡ ♦❢ t❤❡ ♠✐rr♦r ❛♥❞ ✇✐t❤✐♥
t❤❡ ✇❤♦❧❡ r❛♥❣❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥✳
❚❤❡ ❞②♥❛♠✐❝ ❡❧❛st✐❝ ❞❡✢❡❝t✐♦♥ ❝❛♥ ❜❡ ❞②♥❛♠✐❝❛❧❧② ❝r❡❛t❡❞ ❛♥❞ ♠❛✐♥t❛✐♥❡❞
❜② t❤❡ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✱ ❛s ✐♥ ❋✐❣✉r❡ ✹ t❤❛t s❤♦✇s ❛ tr❛♥s✈❡rs❛❧ s❡❝t✐♦♥ ♦❢
t❤❡ ♠✐rr♦r str✐♣✳ ❆ ❜❛❝❦ str✉❝t✉r❡ ✭✶✷✮ ❡♥❝❧♦s❡s ❛♥ ❡ss❡♥t✐❛❧❧② ❤❡r♠❡t✐❝ ❞❡♣r❡s✲
s✐♦♥ ❝❤❛♠❜❡r ✭✶✸✮ ❜❡❤✐♥❞ t❤❡ ❣❧❛ss ♠✐rr♦r s❤❡❡t ✭✶✶✮✱ ❛♥❞ ❛ s♠❛❧❧ ❡❧❡❝tr✐❝ ❢❛♥ ♦r
❛✐r ♣✉♠♣ ✭✶✹✮ ❡✈❛❝✉❛t❡s t❤❡ ❛✐r ✇✐t❤✐♥ t❤❡ ❞❡♣r❡ss✐♦♥ ❝❤❛♠❜❡r✱ ❝r❡❛t❡s ❛ s❧✐❣❤t
❞❡♣r❡ss✐♦♥ ✇✐t❤✐♥ t❤❡ ❝❤❛♠❜❡r✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❜❡❢♦r❡
❛♥❞ ❜❡❤✐♥❞ t❤❡ ❣❧❛ss s❤❡❡t ❡①❡r❝✐s❡s ❛ ✉♥✐❢♦r♠ ♥♦r♠❛❧ ❧♦❛❞ ✭✶✺✮ ♦♥ t❤❡ s❤❡❡t✱
r❡s✉❧t✐♥❣ ✐♥ ❛♥ ❡❧❛st✐❝ ❞❡✢❡❝t✐♦♥ ♦❢ ✐t✳
❋✐❣✉r❡ ✹✿ ❚r❛♥s✈❡rs❛❧ s❡❝t✐♦♥ ♦❢ ❛ ♠✐rr♦r ✇✐t❤ ✐ts ❞❡♣r❡ss✐♦♥ ❝❤❛♠❜❡r
❈❤❛♥❣✐♥❣ t❤❡ s♣❡❡❞ ♦❢ t❤❡ ❢❛♥ ✭♦r ♣✉♠♣✮ ❝❤❛♥❣❡s t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ❞❡♣r❡ss✐♦♥✱
❤❡♥❝❡ t❤❡ ✉♥✐❢♦r♠ ♥♦r♠❛❧ ❧♦❛❞✱ ❤❡♥❝❡ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♠✐rr♦r s❤❡❡t✳ ❆
s❡♥s♦r ❝❛♥ ❜❡ ✐♥s❡rt❡❞ ✐♥ t❤❡ ❞❡♣r❡ss✐♦♥ ❝❤❛♠❜❡r✱ t❤❛t ❞❡t❡❝ts ❡✐t❤❡r t❤❡ ❧❡✈❡❧
♦❢ t❤❡ ❞❡♣r❡ss✐♦♥ ♦r t❤❡ ❛♠♦✉♥t ♦❢ ❞❡✢❡❝t✐♦♥✳ ❚❤❡ ♦✉t♣✉t ♦❢ t❤❡ s❡♥s♦r ❝❛♥ ❜❡
✉s❡❞ ❛s ❢❡❡❞❜❛❝❦ ❢♦r t❤❡ ❝♦♥tr♦❧ ♦❢ t❤❡ ❢❛♥✳
❆❧t❡r♥❛t✐✈❡❧②✱ ❛ ❝♦♠♠♦♥ ❞❡♣r❡ss✐♦♥ r♦♦♠ ❝❛♥ ❜❡ ✐♥st❛❧❧❡❞ ❢♦r ❛ ♠✉❧t✐♣❧❡ ♦❢
♠✐rr♦r str✐♣s✱ ❛♥❞ ❛ ♠♦r❡ ♣♦✇❡r❢✉❧ ❢❛♥✱ s✉❝❤ ❛s t❤❛t ♦❢ ❛ ✈❛❝✉✉♠ ❝❧❡❛♥❡r✱ ✐s
❛tt❛❝❤❡❞ t♦ t❤❡ ❞❡♣r❡ss✐♦♥ r♦♦♠ t♦ ❝r❡❛t❡ ❛ ❞❡♣r❡ss✐♦♥ ✐♥ ✐t✳ ❚❤❡ ❞❡♣r❡ss✐♦♥
❝❤❛♠❜❡rs ♦❢ t❤❡ ♠✉❧t✐♣❧❡ ♦❢ ♠✐rr♦r str✐♣s ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❞❡♣r❡ss✐♦♥ r♦♦♠
✈✐❛ ❤♦s❡s✳ ❆♥ ❡❧❡❝tr✐❝❛❧❧② ❝♦♥tr♦❧❡❞ ✈❛❧✈❡ ✐s ✐♥st❛❧❧❡❞ ✐♥ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❤♦s❡
❜❡t✇❡❡♥ t❤❡ ❞❡♣r❡ss✐♦♥ r♦♦♠ ❛♥❞ t❤❡ ❞❡♣r❡ss✐♦♥ ❝❤❛♠❜❡r ♦❢ ❡❛❝❤ ♠✐rr♦r str✐♣✱
t♦ ❝♦♥tr♦❧ t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ❞❡♣r❡ss✐♦♥ ✐♥ t❤❡ ❧❛tt❡r✳ ❆♥♦t❤❡r ❡❧❡❝tr✐❝ ✈❛❧✈❡ ❧✐♥❦s
t❤❡ ❞❡♣r❡ss✐♦♥ ❝❤❛♠❜❡r ❛♥❞ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ s♦ t❤❛t t❤❡ ❞❡♣r❡ss✐♦♥ ❝❛♥ ❜❡
r❡❧❡❛s❡❞ ✐❢ ✐t ❜❡❝♦♠❡s t♦♦ ❞❡❡♣✳
❚❤❡ ❣❧❛ss ♠✐rr♦r s❤❡❡t ✐s ❛❧s♦ s✉❜❥❡❝t t♦ t❤❡ ❣r❛✈✐t❛t✐♦♥ ❧♦❛❞✱ ✇❤✐❝❤ ✈❛r✐❡s
✇✐t❤ t❤❡ r♦t❛t✐♦♥❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠✐rr♦r✳ ❆s t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♠✐rr♦r ✐s
r❡❧❛t✐✈❡❧② s♠❛❧❧✱ t❤❡ ❣r❛✈✐t❛t✐♦♥ ✐s ✈❡r② ❝❧♦s❡ t♦ ❛ ✉♥✐❢♦r♠ ❧♦❛❞ ♦♥ t❤❡ ♠✐rr♦r
s❤❡❡t✱ s♦ ✐t ❝❛♥ ❜❡ ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ t❤❡ ❧♦❛❞ ❝r❡❛t❡❞ ❜② t❤❡ ❞❡♣r❡ss✐♦♥✱ ❛s ❧♦♥❣
✻
❛s ✐t ❞♦❡s ♥♦t ❣❡♥❡r❛t❡ ❜② ✐ts❡❧❢ ❛ ❞❡✢❡❝t✐♦♥ ❡①❝❡❡❞✐♥❣ t❤❡ r❡q✉✐r❡❞ ❛♠♦✉♥t✳
❚❤❡ ♠❛✐♥ ♣♦✐♥t ❤❡r❡ ✐s t❤❛t t❤❡ ❡❧❛st✐❝ ❞❡✢❡❝t✐♦♥ ♦❢ ❛ ✉♥✐❢♦r♠ s❤❡❡t ✉♥❞❡r
❛ ✉♥✐❢♦r♠ ♥♦r♠❛❧ ❧♦❛❞ ✐s ♥♦t ♦❢ ❝♦♥st❛♥t ❝✉r✈❛t✉r❡✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❊✉❧❡r✲
❇❡r♥♦✉❧❧✐ ❜❡❛♠ ❡q✉❛t✐♦♥❬✾❪✱ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t ♦❢ t❤❡ ❣❧❛ss s❤❡❡t ✉♥❞❡r t❤❡
✉♥✐❢♦r♠ ❧♦❛❞✱ ❛t ❛ ♣♦✐♥t p ♦❢ ❞✐st❛♥❝❡ x t♦ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ s❤❡❡t✱ ✐s
M (x) =
F
2
(
W 2/4− x2) ,
✇❤❡r❡ F ✐s t❤❡ ❧♦❛❞ ♣❡r ✉♥✐t ❧❡♥❣t❤✱ ❛♥❞ W ✐s t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ♠✐rr♦r s❤❡❡t ❛s
✐♥ ❙❡❝t✐♦♥ ✶✳
❚❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♠✐rr♦r ❛t t❤❡ ♣♦✐♥t p ✐s
τ (x) =
M (x)
EI (x)
=
F
(
W 2/4− x2)
2EI (x)
, ✭✹✮
✇❤❡r❡ E ✐s t❤❡ ❨♦✉♥❣✬s ♠♦❞✉❧✉s ♦❢ t❤❡ ♠❛t❡r✐❛❧✱ ❛♥❞ I (x) ✐s t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t
♦❢ ❛r❡❛✳ ■❢ t❤❡ ♦♥❧② r❡s✐st❛♥❝❡ t♦ t❤❡ ❞❡✢❡❝t✐♦♥ ❝♦♠❡s ❢r♦♠ t❤❡ ❣❧❛ss s❤❡❡t✱ t❤❡♥
I (x) ✐s ❛ ❝♦♥st❛♥t✱ ❛♥❞ t❤❡ ❝✉r✈❛t✉r❡ ✐s ❛ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥✳ ❚❤✐s ✐s ♥♦t
❞❡s✐r❛❜❧❡✱ ❛s ✇❡ ✇❛♥t t❤❡ ❝✉r✈❛t✉r❡ t♦ ❜❡ ❛s ❝❧♦s❡ t♦ ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ❛s
♣♦ss✐❜❧❡✳
❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❛❞❞✐♥❣ ❛ r❡✐♥❢♦r❝❡♠❡♥t str✉❝t✉r❡ t♦ t❤❡ ❜❛❝❦ ♦❢ t❤❡ ❣❧❛ss
s❤❡❡t✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳ ❚❤❡ r❡✐♥❢♦r❝❡♠❡♥t str✉❝t✉r❡ ❝♦♥s✐sts ♦❢ ♣❛r❛❧❧❡❧ ❜❛rs
t❤❛t ❤❡❧♣ r❡s✐st✐♥❣ t♦ t❤❡ ❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ ❣❧❛ss s❤❡❡t✳
❋✐❣✉r❡ ✺✿ ❘❡✐♥❢♦r❝❡♠❡♥t str✉❝t✉r❡ ❛t t❤❡ ❜❛❝❦ ♦❢ t❤❡ ♠✐rr♦r
❍❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣❛r❛❧❧❡❧ r❡✐♥❢♦r❝✐♥❣ ❜❛rs ❛r❡ ♥♦t ❜♦♥❞❡❞ t♦ t❤❡ ❜❛❝❦
♦❢ t❤❡ ♠✐rr♦r✱ ❜✉t t❤❡✐r ❡♥❞s ❛r❡ ♣✉s❤❡❞ ❛❣❛✐♥st t❤❡ ❜❛❝❦ ♦❢ t❤❡ ♠✐rr♦r✳ ❯♥❞❡r
✼
t❤✐s s❡t✉♣✱ t❤❡ ❝✉r✈❛t✉r❡ ❢♦r♠✉❧❛ ✭✹✮ ❝❛♥ ❜❡ r❡✲✇r✐tt❡♥ ❛s
τ (x) =
F
(
W 2/4− x2)
2 (E1I1 + E2I2 (x))
, ✭✺✮
✇❤❡r❡ E1 ❛♥❞ I1 ❛r❡ t❤❡ ❨♦✉♥❣✬s ♠♦❞✉❧✉s ❛♥❞ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ t❤❡ ❣❧❛ss
s❤❡❡t✱ ❛♥❞ E2 ❛♥❞ I2 (x) ❛r❡ t❤❛t ♦❢ t❤❡ ♣❛r❛❧❧❡❧ ❜❛rs✳ ◆♦✇ ✐❢ t❤❡ ♣❛r❛❧❧❡❧ ❜❛rs
❛r❡ ❝♦♥str✉❝t❡❞ ✐♥ ❛ ✇❛② s✉❝❤ t❤❛t
I2 (x) =
a
(
W 2/4− x2)− E1I1
E2
, ✭✻✮
✇❤❡r❡ a ✐s ❛ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥t✱ t❤❡♥ t❤❡ ❝✉r✈❛t✉r❡ τ (x) = F2a ✐s ❝♦♥st❛♥t✳
■❢ t❤❡ r❡✐♥❢♦r❝✐♥❣ ❜❛rs ❛r❡ ❜♦♥❞❡❞ t♦ t❤❡ ❜❛❝❦ ♦❢ t❤❡ ♠✐rr♦r✱ t❤❡ s❡❝♦♥❞
♠♦♠❡♥t ♦❢ ❛r❡❛ ✐s ❤✐❣❤❡r t❤❛♥ ✐♥ ✭✺✮✱ ❜✉t t❤❡ ♣r✐♥❝✐♣❧❡ r❡♠❛✐♥s t❤❡ s❛♠❡✳
❆♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ❛♥❣❧❡❞ ❜❛r ✇✐t❤ ✈❛r✐❛❜❧❡ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ ❛r❡❛ ✐s ✐❧❧✉s✲
tr❛t❡❞ ✐♥ ❋✐❣✉r❡ ✻✳ ❋♦r t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❜❛r✱ t❤❡ ❛♥❣❧❡ ✐s s❧✐❣❤t❧② s♠❛❧❧❡r t❤❛♥
90◦✳
❋✐❣✉r❡ ✻✿ ❆ r❡✐♥❢♦r❝✐♥❣ ❜❛r ✇✐t❤ ✈❛r✐❛❜❧❡ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ ❛r❡❛
❖❢ ❝♦✉rs❡✱ ✐♥ r❡❛❧✐t② t❤✐s ❝❛♥ ♥❡✈❡r ❜❡ ❡①❛❝t❧② ❛s ✐♥ ✭✻✮✱ ❜❡❝❛✉s❡ ✇❤❡♥ |x| ✐s
❝❧♦s❡ t♦ W/2✱ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ ♥✉♠❡r❛t♦r ✐♥ ✭✻✮ ✐s ❝❧♦s❡ t♦ 0✱ ❤❡♥❝❡ I2 (x)
✇♦✉❧❞ ❜❡ ♥❡❣❛t✐✈❡✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ t♦ r❡❛❧✐③❡✳
❚❤❡ s♦❧✉t✐♦♥ ✐s t♦ ❝✉t t❤❡ ❜❛rs t♦ ❛ ❧❡♥❣t❤ s❤♦rt❡r t❤❛♥ W ✳ ❲✐t❤✐♥ t❤❡
❧❡♥❣t❤ ♦❢ t❤❡ ❜❛rs✱ t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ✐s ❛s ❣✐✈❡♥ ❜② ✭✻✮✱ s♦ t❤❛t t❤❡ ❝✉r✈❛t✉r❡
✐s t❤❡♦r❡t✐❝❛❧❧② ❝♦♥st❛♥t❀ ❜❡②♦♥❞ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❜❛rs✱ t❤❡ ❝✉r✈❛t✉r❡✱ ❤❡♥❝❡ t❤❡
t❛♥❣❡♥t ♣❧❛♥❡✱ ♦❢ t❤❡ ♠✐rr♦r s❤❡❡t ✐s ❛♣♣r♦①✐♠❛t✐✈❡✱ s♦ t❤❛t ♦♣t✐❝❛❧ ❛❜❡rr❛t✐♦♥
♦❝❝✉rs✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❜❛rs ❝❛♥ ❜❡ ❝❤♦s❡♥ s♦ t❤❛t t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ✐s
♦♣t✐♠❛❧✱ ♥♦t ♦♥❧② ✐♥ t❤❛t t❤❡ ❡①t❡♥t ♦❢ t❤❡ ❛❜❡rr❛t✐♦♥ ✐s ♠✐♥✐♠❛❧✱ ❜✉t ❛❧s♦ ✐♥
t❤❛t t❤❡ ❛r❡❛ ♦❢ t❤❡ ♠✐rr♦r s✉r❢❛❝❡ ✇❤❡r❡ ❛❜❡rr❛t✐♦♥ ♦❝❝✉rs ✐s ♠✐♥✐♠❛❧✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t L ❜❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❜❛rs✱ ❛♥❞ ❧❡t R = E1I1+E2I2(0)
E1I1
=
aW 2
4E1I1
✳ ❚❤❡ ♦♣t✐♠❛❧ r❛t✐♦ L/W ❞❡♣❡♥❞s ♦♥❧② ♦♥ R✱ ❛♥❞ t❤❡ ❤✐❣❤❡r ✐s R✱ t❤❡
✽
s♠❛❧❧❡r ❛r❡ t❤❡ ❛❜❡rr❛t✐♦♥s✳ ◆♦t❡ t❤❛t ❛ ❤✐❣❤❡r R ❛❧s♦ ♠❡❛♥s t❤❛t t❤❡ ♠✐rr♦r ✐s
♠♦r❡ r✐❣✐❞✱ s♦ t❤❛t ✐ts ❝✉r✈❛t✉r❡ ✐s ❧❡ss s❡♥s✐t✐✈❡ t♦ t❤❡ r❛♥❞♦♠ ✇✐♥❞ ❧♦❛❞✳
❋✐❣✉r❡ ✼✿ ❚❛♥❣❡♥t ❝✉r✈❡ ♦❢ t❤❡ ♠✐rr♦r ❢♦r R = 5
❋✐❣✉r❡ ✼ s❤♦✇s t❤❡ t❛♥❣❡♥t T (x) ♦❢ t❤❡ ♠✐rr♦r s✉r❢❛❝❡ ❢♦r t❤❡ ❝❛s❡ ♦❢ R = 5✱
❛♥❞ t❤❡ ❜❧✉❡ ❝✉r✈❡ ✐♥ ❋✐❣✉r❡ ✼ ✐s t❤❡ ❝✉r✈❡ ♦❢ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ ❛r❡❛ E1I1 +
E2I2 (x)✳ ◆♦t❡ t❤❛t ✐t ✐s t❤❡ t❛♥❣❡♥t ♦❢ t❤❡ ♠✐rr♦r s✉r❢❛❝❡ t❤❛t ❣♦✈❡r♥s t❤❡
❞✐r❡❝t✐♦♥ ♦❢ t❤❡ r❡✢❡❝t❡❞ ❧✐❣❤t r❛②s✱ ❛♥❞ t❤❛t ❢♦r t❤❡ ✐❞❡❛❧ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡
❝✉r✈❛t✉r❡ ✐s ❝♦♥st❛♥t ❡✈❡r②✇❤❡r❡✱ t❤❡ t❛♥❣❡♥t ❝✉r✈❡ s❤♦✉❧❞ ❜❡ ❛ str❛✐❣❤t ❧✐♥❡✱
❛s ✐s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ❞♦tt❡❞ ❧✐♥❡ ✐♥ t❤❡ ❣r❛♣❤✳
❲❡ ❤❛✈❡ ❝❤♦s❡♥ ❛ s♠❛❧❧ ✈❛❧✉❡ ♦❢ R ❢♦r ❋✐❣✉r❡ ✼✱ ❜❡❝❛✉s❡ ❢♦r ❤✐❣❤❡r R t❤❡
❝✉r✈❡ T (x) ✐s t♦♦ ❝❧♦s❡ t♦ t❤❡ str❛✐❣❤t ❧✐♥❡ ❢♦r t❤❡ ❞✐✛❡r❡♥❝❡ t♦ ❜❡ ❣r❛♣❤✐❝❛❧❧②
✈✐s✐❜❧❡✳
❇② ❝♦♥str✉❝t✐♦♥✱ ♦♥❡ s❡❡s t❤❛t t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❝✉r✈❡ T (x)✱ ❤❡♥❝❡ t❤❡ ❞❡✈✐✲
❛t✐♦♥ ✐♥ t❤❡ t❛♥❣❡♥t✱ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❛✈❡r❛❣❡ ❝✉r✈❛t✉r❡✳ ❙♦ t❤❡ ♦♣t✐❝❛❧
❛❜❡rr❛t✐♦♥ ✐s ❛ ❝♦♥st❛♥t ♣r♦♣♦rt✐♦♥ ♦❢ t❤❡ ♠✐rr♦r ✇✐❞t❤ W ✱ ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥
t❤❡ ❢♦❝❛❧ ❞✐st❛♥❝❡✳ ❆♥❞ t❤❡ ♠❛①✐♠❛❧ ✭❛✈❡r❛❣❡✮ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♠✐rr♦r ✐s ❧✐♠✐t❡❞
♦♥❧② ❜② t❤❡ str❡♥❣t❤ ♦❢ t❤❡ ♠❛t❡r✐❛❧s✱ ✇❤✐❧❡ t❤❡ ♠✐♥✐♠❛❧ ❝✉r✈❛t✉r❡ ✐s ❧✐♠✐t❡❞ ❜②
t❤❛t ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❣r❛✈✐t❛t✐♦♥ ❧♦❛❞✳
❲❡ ✇✐❧❧ s❡❡ ❢r♦♠ t❤❡ ❝♦♥❝r❡t❡ ❡①❛♠♣❧❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ t❤❛t ✉s✉❛❧❧②✱ t❤✐s
r❛♥❣❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❝✉r✈❛t✉r❡ ✐s ♠♦r❡ t❤❛♥ s✉✣❝✐❡♥t✳
❋✐❣✉r❡ ✽ s❤♦✇s t❤❡ ♦♣t✐♠❛❧ r❛t✐♦ L/W ✇✐t❤ r❡s♣❡❝t t♦ R✳ ❚❤❡ ❝✉r✈❡ Q ✐s
t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ♠✐rr♦r ❢♦r ✇❤✐❝❤ t❤❡ ♦♣t✐❝❛❧ ❛❜❡rr❛t✐♦♥ ❞✉❡
t♦ t❤❡ ❞❡✈✐❛t✐♦♥ ✐♥ t❤❡ t❛♥❣❡♥t ✐s ❧❡ss t❤❛♥ 0.005W ✳
✾
❋✐❣✉r❡ ✽✿ ❖♣t✐♠❛❧ r❛t✐♦ L/W ✈❡rs✉s R
✸ ❆ ❝♦♥❝r❡t❡ ❡①❛♠♣❧❡
❲❡ ❝❛♥ ❛❣❛✐♥ ✉s❡ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t♦r ✐♥ ❬✸❪ ❛s ❛♥ ❡①❛♠♣❧❡
❢♦r ❛ ❝♦♥❝r❡t❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♠✐rr♦r✳ ❍♦✇❡✈❡r✱ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❛
s♠❛❧❧ ♦♥❡✱ ✇❤✐❧❡ ❝♦♥❝❡♥tr❛t♦rs ❢♦r ♣♦✇❡r ❣❡♥❡r❛t✐♦♥ ❛r❡ ✉s✉❛❧❧② ❜✐❣❣❡r✳ ❆s
s♠❛❧❧ ❝♦♥❝❡♥tr❛t♦rs ✇✐❧❧ ❜❡ st✉❞✐❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ❤❡r❡ ✇❡ ♠✉❧t✐♣❧② ❛❧❧ t❤❡
❞✐♠❡♥s✐♦♥s ✐♥ ❬✸❪ ❜② ✹✳ ❚❤❛t ✐s✱ t❤❡ ♠✐rr♦r ✇✐❞t❤ ✐s 1.6m✱ ❛♥❞ t❤❡ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ ❛❞❥❛❝❡♥t ♠✐rr♦rs ✐s 0.6m✳ ▼♦r❡♦✈❡r✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✐♥ ❬✶✷❪
t❤❛t r❡❝♦♠♠❡♥❞ ❛ ❤✐❣❤❡r r❡❝❡✐✈❡r✱ t♦ ❛ss✉♠❡ t❤❛t t❤❡ r❡❝❡✐✈❡r ✐s 13m ❛❜♦✈❡ t❤❡
♠✐rr♦r ✜❡❧❞ ✭✐♥st❡❛❞ ♦❢ 10m✮✳
❯♥❞❡r t❤✐s ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡ ♠❛①✐♠❛❧ ❝✉r✈❛t✉r❡ ♦❝❝✉rs ❢♦r ♠✐rr♦r str✐♣s ♥❡❛r
t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ♠✐rr♦r ✜❡❧❞✱ ✇❤❡♥ t❤❡② ❛r❡ t✉r♥❡❞ ♣❡r♣❡♥❞✐❝✉❧❛r❧② t♦✇❛r❞s t❤❡
r❡❝❡✐✈❡r✳ ❚❤❡ ♠✐♥✐♠❛❧ r❛❞✐✉s ♦❢ ❝✉r✈❛t✉r❡ ✐s r = 2× 13m = 26m✳
❆ss✉♠❡ t❤❛t t❤❡ ♠✐rr♦r ✐s ♠❛❞❡ ♦❢ ♦r❞✐♥❛r② ❣❧❛ss ✇✐t❤ ❛ t❤✐❝❦♥❡ss ♦❢ 5mm✳
❲❡ ❤❛✈❡
E1I1 = 70GPa× 53 × 1000mm4/12 = 730Nm2
♣❡r ♠❡t❡r ♦❢ ❧❡♥❣t❤✳
❚❤❡ r❡✐♥❢♦r❝✐♥❣ ❜❛r ❛t t❤❡ ❜❛❝❦ ♦❢ t❤❡ ❣❧❛ss s❤❡❡t ✐s ❛♥ ▲✲s❤❛♣❡❞ st❡❡❧ ❛♥❣❧❡✱
✇✐t❤ ❛ t❤✐❝❦♥❡ss ♦❢ 2mm✱ ❛♥❞ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❧❡❣ t♦✉❝❤✐♥❣ t❤❡ ❜❛❝❦ ♦❢ t❤❡
❣❧❛ss ✐s 15mm✳ ■ts ❤✐❣❤t ✐s ✈❛r✐❛❜❧❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ t❤❡ ✈❛r✐❛❜❧❡
s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ ❛r❡❛✱ ✇✐t❤ ❛ ♠❛①✐♠✉♠ ♦❢ 33mm ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❜❛r✳ ❆t
t❤✐s ♣♦✐♥t✱ t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ ❛r❡❛ ♦❢ t❤❡ ❜❛r ✐s
E2I2 (0) = 200GPa× 403 × 2mm4/12 = 2133Nm2 ,
❛♥❞ t❤❡ ♠❛①✐♠❛❧ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♥❡✉tr❛❧ ❛①✐s t♦ ❡①tr❡♠❡ ✜❜❡rs ✐s e2 = 20mm✳
■♥ ❢❛❝t✱ t❤✐s ❝♦♠♣✉t❛t✐♦♥ ❝❛♥ ❜❡ ❡❛s✐❧② ❞♦♥❡ ❜② ✜rst ♣✉tt✐♥❣ t❤❡ ♥❡✉tr❛❧ ❛①✐s
❛t ❛ ♣♦✐♥t q t❤❛t ✐s 20mm ❜❡❧♦✇ t❤❡ t♦♣ ♦❢ t❤❡ ❜❛r✱ t❤❡♥ ❝❤❡❝❦✐♥❣ t❤❛t ❛❜♦✈❡
❛♥❞ ❜❡❧♦✇ q✱ t❤❡ s❡❝♦♥❞ ♠♦♠❡♥ts ❛r❡ t❤❡ s❛♠❡✳❬✽❪
✶✵
❆t ❛ ♣♦✐♥t ♦❢ t❤❡ ❜❛r ❛✇❛② ❢r♦♠ t❤❡ ❝❡♥t❡r✱ ❜♦t❤ t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t E2I2 (x)
❛♥❞ t❤❡ ♠❛①✐♠❛❧ ❞✐st❛♥❝❡ t♦ t❤❡ ❡①tr❡♠❡ ✜❜❡rs ❛r❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ❝♦rr❡s♣♦♥❞✲
✐♥❣ ✈❛❧✉❡s ❛t t❤❡ ❝❡♥t❡r✳
◆♦✇ ❛ss✉♠❡ t❤❛t ♣❛r❛❧❧❡❧ r❡✐♥❢♦r❝✐♥❣ ❜❛rs ❛r❡ ♣♦s✐t✐♦♥❡❞ ❛t ❛ ❞✐st❛♥❝❡ ♦❢
32.5cm ❢r♦♠ ❡❛❝❤ ♦t❤❡r✳ ❚❤❡♥ ❢♦r ❡❛❝❤ ♠❡t❡r ♦❢ ❧❡♥❣t❤✱ t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢
❛r❡❛ ♦❢ t❤❡ ❜❛rs ✐s 2133Nm2/0.325 = 6563Nm2 = 9E1I1✱ ♦r R = 10✳
❆❝❝♦r❞✐♥❣ t♦ ❋✐❣✉r❡ ✽✱ t❤❡ ❜❛rs ❡①t❡♥❞ t♦ ❛ ❧❡♥❣t❤ ♦❢ 0.92W = 1.47m✳
❚❤❡ ❧❡✈❡❧ ♦❢ ❞❡♣r❡ss✐♦♥ ♥❡❡❞❡❞ t♦ ❝r❡❛t❡ t❤❡ ❝✉r✈❛t✉r❡ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞
✈✐❛ ✭✺✮✱ ❢♦r t❤❡ ♣♦✐♥t x = 0✿
26m = r =
1
τ (0)
=
14600Nm2
0.64Fm2
m−1 =
22810N
F
m−1 ,
♦r F = 880Nm−2 = 9mbar✳ ❆s t❤❡ ❣r❛✈✐t❛t✐♦♥ ❛♠♦✉♥ts t♦ 1.3mbar✱ t❤❡
♠❛①✐♠❛❧ r❛❞✐✉s ♦❢ ❝✉r✈❛t✉r❡ ✐s 26m× 9/1.3 = 180m✱ ✇❤✐❝❤ ✐s ♠✉❝❤ ♠♦r❡ t❤❛♥
✇❤❛t ✐s ♥❡❡❞❡❞ ✭♥♦ ♠♦r❡ t❤❛♥ 50m✮✳
❚❤❡ ❡✛❡❝t ♦❢ t❤❡ ✇✐♥❞ ❧♦❛❞ ♦♥ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♠✐rr♦r s❤♦✉❧❞ ❛❧s♦ ❜❡
❡st✐♠❛t❡❞✳ ❲✐♥❞ ❝r❡❛t❡s ❛ r❛♥❞♦♠ ❧♦❛❞ ♦♥ t❤❡ ♠✐rr♦r s✉r❢❛❝❡✱ ❝❤❛♥❣✐♥❣ ✐ts
❝✉r✈❛t✉r❡✳ ❋r♦♠ t❤❡ ❛❜♦✈❡✱ ❛ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ 10% ❝♦rr❡s♣♦♥❞s t♦
❛ ♣r❡ss✉r❡ ♦❢ 0.9mbar✱ ♦r 9kg/m2✱ ✇❤✐❝❤ ❛♠♦✉♥ts t♦ ❛ ✇✐♥❞ s♣❡❡❞ ♦❢ 42km/h ✐❢
t❤❡ ♠✐rr♦r s✉r❢❛❝❡ ✐s ❞✐r❡❝t❧② ❤✐t✳ ❍♦✇❡✈❡r✱ ▲❋❘ ♠✐rr♦rs ❛r❡ ♠♦r❡ ❤♦r✐③♦♥t❛❧❧②
t❤❛♥ ✈❡rt✐❝❛❧❧② ❞✐s♣♦s❡❞✱ ❛♥❞ t❤❡ ❝♦♥st❛♥t ♣❛rt ♦❢ t❤❡ ✇✐♥❞ ♣r❡ss✉r❡ ❝❛♥ ❜❡
❝♦♠♣❡♥s❛t❡❞ ❜② ✈❛r②✐♥❣ t❤❡ ❞❡♣r❡ss✐♦♥✳ ❚❤❡r❡❢♦r❡ ✐♥ ♣r❛❝t✐❝❡ t❤❡ ✇✐♥❞ s♣❡❡❞
♦❢ 42km/h r❡s✉❧ts ✐♥ ❛ ♠✉❝❤ ❧♦✇❡r ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ❝✉r✈❛t✉r❡✱ ♣r♦❜❛❜❧② ♥♦ ♠♦r❡
t❤❛♥ 2− 3%✱ ✇❤✐❝❤ ✐s t♦❧❡r❛❜❧❡✳
❆ ❤✐❣❤❡r ✇✐♥❞ s♣❡❡❞ ✇✐❧❧ st❛rt t♦ ❛✛❡❝t t❤❡ ♦♣t✐❝❛❧ ♣r❡❝✐s✐♦♥✱ ❜✉t ❛ ❞❡t❛✐❧❡❞
st✉❞② ♦❢ t❤❡ ✇✐♥❞ ❧♦❛❞ ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ❛rt✐❝❧❡✳
❚❤❡ ♠❛①✐♠❛❧ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♠✐rr♦r t♦ t❤❡ r❡❝❡✐✈❡r ✐s d =
√
132 + 9.92 =
16.3m✱ ❛♥❞ t❤❡ r❡q✉✐r❡❞ r❡❝❡✐✈❡r ❛♣❡rt✉r❡ ✇✐❞t❤ ✐s
U = cd/ cos (arctan (9.9/13)) = 0.015× 16.3/0.7956 = 0.31m .
■t r❡♠❛✐♥s t♦ ❜❡ ✈❡r✐✜❡❞ t❤❛t t❤❡ str❡♥❣t❤ ❧✐♠✐ts ♦❢ t❤❡ ♠❛t❡r✐❛❧s ❛r❡ ♥♦t
❡①❝❡❡❞❡❞ ❡✈❡♥ ❛t t❤❡ ♠❛①✐♠❛❧ ❝✉r✈❛t✉r❡✳ ❋♦r t❤❡ ❣❧❛ss s❤❡❡t✱ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠
t❤❡ ❡①tr❡♠❡ ✜❜❡rs t♦ t❤❡ ♥❡✉tr❛❧ ❛①✐s ✐s e1 = 5mm/2 = 2.5mm✱ ❤❡♥❝❡ t❤❡
♠❛①✐♠❛❧ str❛✐♥ ✐s
70GPa× e1/r = 6.7MPa ,
✇❤✐❝❤ ✐s ♠✉❝❤ ❧❡ss t❤❛♥ t❤❡ ✉s✉❛❧ t❡♥s✐❧❡ str❡♥❣t❤ ♦❢ t❤❡ ❣❧❛ss ✭> 30MPa✮✳
❋♦r t❤❡ r❡✐♥❢♦r❝✐♥❣ ❜❛r✱ t❤❡ ♠❛①✐♠❛❧ str❛✐♥ ✐s 200GPa × e2/r = 154MPa✳
❙♦ ❝❤♦♦s✐♥❣ ❛ st❡❡❧ ❣r❛❞❡ ✇✐t❤ ②✐❡❧❞ str❡♥❣t❤ ❣r❡❛t❡r t❤❛♥ 350MPa s❤♦✉❧❞ ❜❡
❡♥♦✉❣❤✳
✹ ❆ s♠❛❧❧ ▲❋❘ ❝♦♥❝❡♥tr❛t♦r ✇✐t❤ ✹ ♠✐rr♦r str✐♣s
❙♠❛❧❧ s✐③❡ ▲❋❘ ❝♦♥❝❡♥tr❛t♦rs ❛r❡ ✐♠♣♦rt❛♥t✱ ❜❡❝❛✉s❡ t❤❡② ❛r❡ ♠♦r❡ ❛❞❛♣t❛❜❧❡ t♦
✈❛r✐♦✉s ❡♥✈✐r♦♥♠❡♥ts t❤❛♥ ❜✐❣ ♦♥❡s✳ ❲✐t❤ ♠✐rr♦rs ♦❢ st❛t✐❝ ❝✉r✈❛t✉r❡✱ ❛ ♠✐♥✐♠❛❧
✶✶
♥✉♠❜❡r ♦❢ ♠✐rr♦r str✐♣s ✐s r❡q✉✐r❡❞✱ s♦ t❤❡ ❜✐❣❣❡st ♣r♦❜❧❡♠ ❢♦r r❡❞✉❝✐♥❣ t❤❡ s✐③❡
♦❢ t❤❡ ▲❋❘ ❝♦♥❝❡♥tr❛t♦r ✐s t❤❡ ♥❛rr♦✇♥❡ss ♦❢ t❤❡ ♠✐rr♦rs✳ ◆❛rr♦✇ ♠✐rr♦rs
✐♠♣❧② ✐♥❝r❡❛s❡❞ ♦✈❡r❤❡❛❞ ♦❢ ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ str✉❝t✉r❛❧ ❝♦sts✱ ❤❡♥❝❡ t❤❡ ❝♦st
❡✛❡❝t✐✈❡♥❡ss ✐s r❡❞✉❝❡❞✳
❲✐t❤ ♠✐rr♦rs ♦❢ ❞②♥❛♠✐❝ ❝✉r✈❛t✉r❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ♠✐rr♦r str✐♣s ♣❡r r❡❝❡✐✈❡r
❝❛♥ ❜❡ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡❞✱ ❧❡❛❞✐♥❣ t♦ ✇✐❞❡r ♠✐rr♦rs ❛♥❞ ❤❡♥❝❡ r❡❞✉❝❡❞ ❝♦st✳
❍❡r❡ ✇❡ ❞❡s❝r✐❜❡ ❛♥ ❡①❛♠♣❧❡ t♦ s❤♦✇ ❤♦✇ t❤✐s ❝❛♥ ❜❡ ❞♦♥❡✳
❚❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✾✳ ❚❤❡ ♠✐rr♦r ✇✐❞t❤ ✐s W = 1m✱ ❛♥❞
t❤❡ r❡❝❡✐✈❡r ❤❡✐❣❤t ✐s 3.2m ❛❜♦✈❡ t❤❡ ♠✐rr♦r ✜❡❧❞✳ ❲❡ ♣✉t ❛ ❣❛♣ ♦❢ 0.3m ❜❡t✇❡❡♥
❛❞❥❛❝❡♥t ♠✐rr♦r str✐♣s✱ s♦ t❤❛t t❤❡ t♦t❛❧ ♠✐rr♦r ✜❡❧❞ ✇✐❞t❤ ✐s 4.9m✳
❋✐❣✉r❡ ✾✿ ❆ s♠❛❧❧ ▲❋❘ ❝♦♥❝❡♥tr❛t♦r ✇✐t❤ ✹ ♠✐rr♦r str✐♣s
❲❡ ✉s❡ ❛ ❣❧❛ss s❤❡❡t ♦❢ 3mm ❢♦r t❤❡ ♠✐rr♦r s✉❜str❛t❡✳ ❚❤❡ ♠✐♥✐♠❛❧ r❛❞✐✉s
♦❢ ❝✉r✈❛t✉r❡ ✐s 2
√
3.22 + 0.652 = 6.5m✳ ■t ❡①❡r❝✐s❡s ❛ ♠❛①✐♠❛❧ ❝✉r✈✐♥❣ str❛✐♥ ♦❢
70GPa × 1.5mm/6.5m = 16MPa✱ ✇❤✐❝❤ ✐s ❛❝❝❡♣t❛❜❧❡✱ ❡s♣❡❝✐❛❧❧② ✐❢ t❡♠♣❡r❡❞
❣❧❛ss ✐s ✉s❡❞✳ ❲❡ ❤❛✈❡
E1I1 = 70GPa× 33 × 1000mm4/12 = 157.5Nm2
♣❡r ♠❡t❡r ♦❢ ❧❡♥❣t❤✳
❚❤❡ r❡✐♥❢♦r❝✐♥❣ ❜❛r ✐s ♦❢ t❤✐❝❦♥❡ss 1.5mm✱ ❤❛✈✐♥❣ ❛ ❞✐st❛♥❝❡ ♦❢ 10mm ❢r♦♠
t❤❡ ❡①tr❡♠❡ ✜❜❡rs t♦ t❤❡ ♥❡✉tr❛❧ ❛①✐s✳ ❚❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ ❛r❡❛ ✐s 200GPa×
203× 1.5mm4/12 = 200Nm2✳ P❧❛❝✐♥❣ ♦♥❡ ❜❛r ❛t ❡❛❝❤ 200mm ♦❢ ❧❡♥❣t❤✱ ✇❡ ❣❡t
R = 5× 200/157.5 + 1 = 7.35✱ ❛♥❞ t❤❡ ♠❛①✐♠❛❧ str❛✐♥ ♦♥ t❤❡ ❜❛r ✐s 200GPa×
10mm/6500mm = 308MPa✳ ❚❤❡r❡❢♦r❡✱ ❛ ❣r❛❞❡ ♦❢ st❡❡❧ ✇✐t❤ ②✐❡❧❞ str❡♥❣t❤
> 600MPa ✐s ♣r❡❢❡rr❡❞✳
❆s ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ s❡❝t✐♦♥✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ♠❛①✐♠❛❧ ❞❡♣r❡ss✐♦♥ ✐♥ t❤❡
❞❡♣r❡ss✐♦♥ ❝❤❛♠❜❡r ✐s 14mbar✳
✶✷
❚❤❡ ✇✐❞❡ ♠✐rr♦r ❧❡❛❞s t♦ ❛♥ ♦♣t✐❝❛❧ ❛❜❡rr❛t✐♦♥ ✇❤❡♥ ✐t ✐s ♥♦t ♣❡r♣❡♥❞✐❝✉❧❛r
t♦ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ r❡❝❡✐✈❡r✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✵✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ✐♥
t❤✐s ❝❛s❡✱ t❤❡ ❞✐✛❡r❡♥t ♣♦✐♥ts ♦♥ t❤❡ ♠✐rr♦r ❤❛s ✉♥❡q✉❛❧ ❞✐st❛♥❝❡ t♦ t❤❡ r❡❝❡✐✈❡r✱
✇❤✐❧❡ t❤❡ ❝✉r✈❛t✉r❡ ✐s ❝♦♥st❛♥t✳ ❚❤✐s ❛❜❡rr❛t✐♦♥ ✐s ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡
sq✉❛r❡ ♦❢ t❤❡ r❛t✐♦ ♦❢ ♠✐rr♦r✲t♦✲r❡❝❡✐✈❡r✲❞✐st❛♥❝❡ ✈❡rs✉s ♠✐rr♦r✲✇✐❞t❤✳ ❋♦r ❛
❝♦♥❝❡♥tr❛t♦r ✇✐t❤ ✶✵ ♦r ♠♦r❡ ♠✐rr♦r str✐♣s✱ t❤✐s ❛❜❡rr❛t✐♦♥ ✐s ♥❡❣❧✐❣❡❛❜❧❡✳ ❇✉t
❢♦r ❝♦♥❝❡♥tr❛t♦rs ✇✐t❤ ✹ ♦r ❧❡ss ♠✐rr♦r str✐♣s✱ t❤✐s ♠✉st ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳
❋✐❣✉r❡ ✶✵✿ ❖♣t✐❝❛❧ ❛❜❡rr❛t✐♦♥ ❞✉❡ t♦ ✉♥❡q✉❛❧ ❞✐st❛♥❝❡s t♦ t❤❡ r❡❝❡✐✈❡r
❆♥ ❡❛s② ❣❡♦♠❡tr✐❝ st✉❞② s❤♦✇s t❤❛t t❤❡ ✇♦rst ❝❛s❡ ♦❝❝✉rs ✇❤❡♥ t❤❡ ♥♦r♠❛❧
❧✐♥❡ ♦❢ t❤❡ ♠✐rr♦r ✐s ❛t 45◦ t♦✇❛r❞s t❤❡ r❡❝❡✐✈❡r✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ✇❡ ❤❛✈❡ |u1−u2| ∼
0.53W ✱ ❛♥❞ |u0 − u′0| ∼ 0.53W ×
√
2
8 W/d = 0.0937W
2/d✳ ❋♦r ♦✉r ❝♦♥❝❡♥tr❛t♦r✱
t❤❡ ✇♦rst ❝❛s❡ ♦❝❝✉rs ❢♦r t❤❡ t✇♦ ♦✉t❡r ♠✐rr♦r str✐♣s ✇✐t❤ d =
√
3.22 + 1.952 =
3.75m✱ ❤❡♥❝❡ |u0 − u′0| ∼ 0.025W = 2.5cm✳
❆❣❛✐♥ t❛❦✐♥❣ c = 0.015 ❛s ✐♥ ✭✶✮✱ ❛♥❞ ❛s β = arctan (2.45/3.2) = 37.4◦✱ t❤❡
❤♦r✐③♦♥t❛❧ ❛♣❡rt✉r❡ ✇✐❞t❤ ♦❢ t❤❡ r❡❝❡✐✈❡r s❤♦✉❧❞ ❜❡
U = (2.5cm+ 0.015× 375cm) / cos (β) = 10.2cm .
❲✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠✐rr♦r ✇✐❞t❤ ♦❢ 4m✱ t❤❡ ♥♦♠✐♥❛❧ ❝♦♥❝❡♥tr❛t✐♦♥ r❛t✐♦ ✐s
39 t✐♠❡s✳ ❚❤✐s ✐s s❧✐❣❤t❧② ❜❡tt❡r t❤❛♥ t❤❡ ❝♦♥❝❡♥tr❛t♦r ✇✐t❤ st❛t✐❝ ♠✐rr♦rs ✐♥
❙❡❝t✐♦♥ ✶✱ ✇✐t❤♦✉t t❤❡ ✐♠♣♦rt❛♥t ✐♥t❡r❝❡♣t ❧♦ss✳
■❢ s❡❝♦♥❞❛r② r❡✢❡❝t♦rs ❛r❡ ✐♥❝♦r♣♦r❛t❡❞ ✐♥ t❤❡ r❡❝❡✐✈❡r ❬✶✷❪✱ t❤❡ ❡♠✐tt✐♥❣
❛❜s♦r❜❡r ✇✐❞t❤ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ❛❜♦✉t 7cm✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ♥♦♠✐♥❛❧ ❝♦♥✲
❝❡♥tr❛t✐♦♥ r❛t✐♦ ♦❢ 57 t✐♠❡s✳ ❚❤✐s ✐s ✈❡r② s❛t✐s❢❛❝t♦r② ❢♦r ♠♦st ❛♣♣❧✐❝❛t✐♦♥s✳
❊✛♦rts t♦ ❢✉rt❤❡r r❡❞✉❝❡ t❤❡ s✐③❡ ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t♦r ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢
♠✐rr♦r str✐♣s ♣❡r r❡❝❡✐✈❡r ♠❡❡t ✇✐t❤ t✇♦ ❞✐✣❝✉❧t✐❡s✳ ❆ ❧♦✇❡r r❡❝❡✐✈❡r ♣✉ts
♠♦r❡ str❛✐♥ t♦ t❤❡ ♠✐rr♦r ♠❛t❡r✐❛❧s ✭❣❧❛ss ❛♥❞ st❡❡❧ ❜❛r✮✱ t❤❛t ♠❛② ❡①❝❡❡❞ t❤❡✐r
str❡♥❣t❤ ❧✐♠✐t✳ ❆♥❞ t❤❡ ♦♣t✐❝❛❧ ❛❜❡rr❛t✐♦♥ ❞✉❡ t♦ ✉♥❡q✉❛❧ ❞✐st❛♥❝❡ ❢r♦♠ ♣♦✐♥ts
♦♥ t❤❡ ♠✐rr♦r t♦ t❤❡ r❡❝❡✐✈❡r ❧✐♠✐ts t❤❡ r❛t✐♦ d/W ✳ ❙♦❧✉t✐♦♥s ❞♦ ❡①✐st✱ ❜✉t t❤❡s❡
✶✸
❛r❡ ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ❛rt✐❝❧❡✳ ❲❡ ❡①♣❡❝t t♦ r❡t✉r♥ t♦ t❤✐s s✉❜❥❡❝t ✐♥ ❛
❧❛t❡r ♦❝❝❛s✐♦♥✳
✺ ❈♦♠♣❛r✐♥❣ ✇✐t❤ ♠✐rr♦rs ♦❢ st❛t✐❝ ❝✉r✈❛t✉r❡
■❢ ✇❡ ♠✉❧t✐♣❧② ❜② ✹ t❤❡ s✐③❡ ♦❢ t❤❡ ❡①❛♠♣❧❡ ❝♦♥❝❡♥tr❛t♦r ✐♥ ❙❡❝t✐♦♥ ✶✱ ✇❡ ❣❡t
❛ ❝♦♥❝❡♥tr❛t♦r ✇✐t❤ ❛ t♦t❛❧ ♠✐rr♦r ✇✐❞t❤ ♦❢ 16m ❛♥❞ ❛ r❡❝❡✐✈❡r ❤❡✐❣❤t ♦❢ 10m✳
❚❤❡ ♦♣t✐♠❛❧ r❡❝❡✐✈❡r ❛♣❡rt✉r❡ ✇✐❞t❤ ❜❡❝♦♠❡s 0.28W = 0.45m✳
❚❤✐s ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❡①❛♠♣❧❡ ❝♦♥❝❡♥tr❛t♦r ✉s✐♥❣ ♠✐rr♦rs ♦❢ ❞②✲
♥❛♠✐❝ ❝✉r✈❛t✉r❡ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ❢♦r t❤✐s ❝❛s❡ t❤❡ ❛♣❡rt✉r❡ ✇✐❞t❤
✐s 0.31m = 0.19W ✱ ✇✐t❤ ♥♦ ✐♥t❡r❝❡♣t ❧♦ss ❞✉❡ t♦ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ❢♦❝❛❧ ❧❡♥❣t❤✳
◆♦t❡ t❤❛t t❤✐s ✇✐❞t❤ ✇♦✉❧❞ ❜❡ s❧✐❣❤t❧② s♠❛❧❧❡r ✐❢ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ r❡❝❡✐✈❡r ✇❛s
♥♦t ❧✐❢t❡❞ t♦ 13m✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞♦tt❡❞ ❧✐♥❡ ✐♥ ❋✐❣✉r❡ ✸✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❣❛✐♥ ♦❢ t❤❡ ❧❛tt❡r✱
✐♥ ✐♥t❡r❝❡♣t ❧♦ss ❛♥❞ t❤❡r♠❛❧ ❧♦ss ♦❢ t❤❡ r❡❝❡✐✈❡r✱ ❛♠♦✉♥ts t♦ 12%✳
❋♦r t❤❡ ❝♦st ❝♦♠♣❛r✐s♦♥✱ ✐t ✐s ❞✐✣❝✉❧t t♦ ❣❡t ♣r❡❝✐s❡ ❝♦st ✐♥❢♦r♠❛t✐♦♥✱ s♦ ✇❡
❥✉st ❣✐✈❡ s♦♠❡ r♦✉❣❤ ❡st✐♠❛t✐♦♥s✳
❚❤❡ ♠✐rr♦rs ♦❢ ❞②♥❛♠✐❝ ❝✉r✈❛t✉r❡ r❡❞✉❝❡s t❤❡ s✐③❡ ♦❢ t❤❡ r❡❝❡✐✈❡r ❜② ♦♥❡
t❤✐r❞✱ ✇✐t❤ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦st r❡❞✉❝t✐♦♥ ❡st✐♠❛t❡❞ t♦ ♦♥❡ ✜❢t❤✳ ■❢ t❤❡ ❝♦st
♦❢ t❤❡ r❡❝❡✐✈❡r r❡♣r❡s❡♥ts 20% ♦❢ t❤❡ t♦t❛❧ ❝♦st ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t♦r✱ t❤❡ ❝♦st
r❡❞✉❝t✐♦♥ ❛♠♦✉♥ts t♦ 4% ♦❢ t❤❛t ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t♦r✳
■❢ ✇❡ ❢♦r❝❡ t❤❡ ▲❋❘ ❝♦♥❝❡♥tr❛t♦r ✇✐t❤ ♠✐rr♦rs ♦❢ st❛t✐❝ ❝✉r✈❛t✉r❡ t♦ ✉s❡ ❛
r❡❝❡✐✈❡r ✇✐t❤ t❤❡ s❛♠❡ ✇✐❞t❤ 0.19W ❛s ❢♦r t❤❡ ❝❛s❡ ♦❢ ❞②♥❛♠✐❝ ❝✉r✈❛t✉r❡✱ ❋✐❣✉r❡
✸ s❤♦✇s ❛♥ ✐♥t❡r❝❡♣t ♠✐ss ♦❢ C = 15%✳ ❚❤✐s ✐s ❛t t❤❡ s❛♠❡ ❧❡✈❡❧ ♦❢ t❤❡ s✉♠ ♦❢
t❤❡ ✐♥t❡r❝❡♣t ❧♦ss ❛♥❞ t❤❡ ❝♦st ❞✐✛❡r❡♥❝❡ ❢♦r t❤❡ ♦♣t✐♠❛❧ ❝❛s❡ ❛❜♦✈❡✳
▲❡tG ❜❡ t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ ♦♣t✐❝❛❧ ❡♥❡r❣② r❡❝❡✐✈❡❞ ❜② t❤❡ r❡❝❡✐✈❡r✱ H ❜❡ t❤❡
t❤❡r♠❛❧ ❧♦ss ❜② t❤❡ r❡❝❡✐✈❡r ❛s ✇❡❧❧ ❛s t❤❡ ✢✉✐❞ ❝✐r❝✉✐t ♦✉ts✐❞❡ t❤❡ ❝♦♥❝❡♥tr❛t♦r✳
H ❞❡♣❡♥❞s ♦♥ t❤❡ ♦♣❡r❛t✐♦♥❛❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t♦r✱ ❜✉t ❛ t②♣✐❝❛❧
✈❛❧✉❡ ✐s H = 0.15G✳
◆♦✇ ❢♦r ❛ ❝♦♥❝❡♥tr❛t♦r ✇✐t❤ ❣✐✈❡♥ s✐③❡✱ t❤❡ ✈❛❧✉❡ ♦❢ H ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥
t❤❡ t②♣❡ ♦❢ t❤❡ ♠✐rr♦rs✳ ❙♦ t❤❡ ♥❡t ♦✉t♣✉t ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t♦r ✐s G−H = 0.85G
❢♦r t❤❡ ❝❛s❡ ♦❢ ❞②♥❛♠✐❝ ❝✉r✈❛t✉r❡✱ ✇❤✐❧❡ ✐t ✐s G−H −C = 0.7G ❢♦r t❤❡ ❝❛s❡ ♦❢
st❛t✐❝ ❝✉r✈❛t✉r❡✳ ❆♥❞ t❤❡ ❣❛✐♥ ✐♥ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❢♦r♠❡r ♦✈❡r t❤❡ ❧❛tt❡r ✐s
0.85/0.7− 1 = 21%✳
❖♥ t❤❡ s✐❞❡ ♦❢ t❤❡ ❝♦st✱ t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠❡t❤♦❞s ✐s
✇✐t❤ t❤❡ ♠✐rr♦rs✳ ❋♦r ♠✐rr♦rs ✇✐t❤ st❛t✐❝ ❝✉r✈❛t✉r❡✱ t❤❡ ♣r♦❝❡ss ♦❢ ❢♦r♠✐♥❣ t❤❡
♣r❡❝✐s❡ ❝✉r✈❛t✉r❡ ✐s ❛ ✈❡r② s♣❡❝✐❛❧ ♦♥❡✱ ✇❤♦s❡ ❝♦st ✐s ❛ ♥♦♥✲♥❡❣❧✐❣❡❛❜❧❡ ♣❛rt ♦❢
t❤❡ t♦t❛❧ ❝♦st✱ ❡✈❡♥ ✐❢ t❤❡ ❝✉r✈❛t✉r❡ ✐s ❢♦r♠❡❞ ✉s✐♥❣ t❤❡ ❡❧❛st✐❝✐t② ♦❢ t❤❡ ❣❧❛ss
❬✼❪✱ ❛❧t❤♦✉❣❤ ✇❡ ❧❛❝❦ ❞❛t❛ ❢♦r ❛ ♣r❡❝✐s❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤✐s ❝♦st✳
❋♦r ♠✐rr♦rs ✇✐t❤ ❞②♥❛♠✐❝ ❝✉r✈❛t✉r❡✱ ✜rst t❤❡② ♥❡❡❞ t❤❡ ❡♥❝❧♦s✐♥❣ ❝❛s❡ ❛t
t❤❡ ❜❛❝❦ t♦ ❢♦r♠ t❤❡ ❞❡♣r❡ss✐♦♥ ❝❤❛♠❜❡r✳ ❇✉t t❤✐s ❝❛s❡ r❡♣❧❛❝❡s t❤❡ r✐❣✐❞✐❢②✐♥❣
str✉❝t✉r❡ ❛t t❤❡ ❜❛❝❦ ♦❢ t❤❡ ♠✐rr♦r✱ ✇✐t❤ ❝♦♠♣❛r❛❜❧❡ ❝♦st✳ ❚❤❡ r❡✐♥❢♦r❝✐♥❣ ❜❛rs
❛t t❤❡ ❜❛❝❦ ♦❢ t❤❡ ♠✐rr♦r ❛r❡ ❡❛s② t♦ ♣r♦❞✉❝❡ ❛♥❞ ❛r❡ ♦❢ ✈❡r② ❧✐♠✐t❡❞ ❝♦st✳
❚❤❡ s❡❛❧✐♥❣ ♦❢ t❤❡ ❞❡♣r❡ss✐♦♥ ❝❤❛♠❜❡r r❡♣r❡s❡♥ts ❛ s♣❡❝✐❛❧ t❡❝❤♥✐❝❛❧ r❡q✉✐r❡✲
♠❡♥t✱ ✇❤♦s❡ ❝♦st ✐s t♦ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝✉r✈❛t✉r❡ ❢♦r
✶✹
♠✐rr♦rs ✇✐t❤ st❛t✐❝ ❝✉r✈❛t✉r❡✳ ❖✉r ❝♦♥❥❡❝t✉r❡ ✐s t❤❛t t❤✐s ❝♦♠♣❛r✐s♦♥ ✐s ❢❛✈♦r✲
❛❜❧❡ ❢♦r ♠✐rr♦rs ✇✐t❤ ❞②♥❛♠✐❝ ❝✉r✈❛t✉r❡✱ ❜✉t t❤✐s ♥❡❡❞s ❝♦♥✜r♠❛t✐♦♥ ❢r♦♠ t❤❡
✐♥❞✉str✐❛❧ s✐❞❡✳
❆♥ ❡❧❡❝tr✐❝ ❢❛♥ ♦r ❛✐r ♣✉♠♣ ✐s ♥❡❡❞❡❞ t♦ ♠❛✐♥t❛✐♥ t❤❡ ❞❡♣r❡ss✐♦♥✳ ▼♦st
s♠❛❧❧ ❉❈ ❢❛♥ ❤❛✈✐♥❣ ✐♥s✉✣❝✐❡♥t st❛t✐❝ ♣r❡ss✉r❡ s♣❡❝✐✜❝❛t✐♦♥✱ ❛♥ ❛✐r ♣✉♠♣ ✇✐t❤
s♣❡❝✐✜❝❛t✐♦♥s s✐♠✐❧❛r t♦ t❤❛t ✉s❡❞ ❢♦r ❛♥ ❛q✉❛r✐✉♠ ❝❛♥ ❜❡ s❡❧❡❝t❡❞✳ ❋♦r ❛ ♠✐rr♦r
str✐♣ ✇❤♦s❡ s✉r❢❛❝❡ ❛r❡❛ ❡①❝❡❡❞s 10m2 ✐♥ ❣❡♥❡r❛❧✱ t❤❡ ❝♦st ♦❢ t❤❡ ♣✉♠♣ ❛♥❞
✐ts ❝♦♥tr♦❧ ❝✐r❝✉✐tr② ✐s ♥❡❣❧✐❣❡❛❜❧❡✳ ❆s t❤❡r❡ ✐s ❧✐tt❧❡ ❛✐r ✢✉①✱ t❤❡ ❛✐r ♣✉♠♣
❝♦♥s✉♠❡s ♦♥❧② ❛ ❢❡✇ ✇❛tts ❛♥❞ ✐s ♦♥❧② t✉r♥❡❞ ♦♥ ✇❤❡♥ ♥❡❡❞❡❞✱ s♦ t❤❛t ✐ts ♣♦✇❡r
❝♦♥s✉♠♣t✐♦♥ r❡♣r❡s❡♥ts ♦♥❧② ❛ ❢r❛❝t✐♦♥ ♦❢ ❛ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥t ♦❢ t❤❡ ❡❧❡❝tr✐❝✐t②
t❤❛t t❤❡ s♦❧❛r ❝♦♥❝❡♥tr❛t♦r ❝❛♥ ❣❡♥❡r❛t❡✳
❋♦r s♦❧❛r ❝♦♥❝❡♥tr❛t♦rs ✇✐t❤ ❛ s✐③❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ❛❜♦✈❡✱ t❤❡ ♠✐rr♦r ♦❢
❞②♥❛♠✐❝ ❝✉r✈❛t✉r❡ ❣✐✈❡s ❛♥ ❡①tr❛ ❝♦st ❛❞✈❛♥t❛❣❡ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♥✉♠❜❡r
♦❢ ♠✐rr♦r str✐♣s ♣❡r r❡❝❡✐✈❡r ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ 6 ♦r 8 ✇✐t❤♦✉t ♥♦t✐❝❡❛❜❧❡ ❞r♦♣ ✐♥
♣❡r❢♦r♠❛♥❝❡✱ ❛❣❛✐♥st ❛ ♠✐♥✐♠✉♠ ♦❢ 10 ♦r 12 ❢♦r ♠✐rr♦rs ✇✐t❤ st❛t✐❝ ❝✉r✈❛t✉r❡✳
❘❡❢❡r❡♥❝❡s
❬✶❪ ●✐❛❝♦♠♦ ❇❛r❛❧❡ ❡t ❛❧✳✱ ❖♣t✐❝❛❧ ❞❡s✐❣♥ ♦❢ ❛ ❧✐♥❡❛r ❢r❡s♥❡❧ ❝♦❧❧❡❝t♦r
❢♦r ❙✐❝✐❧②✱ ❙♦❧❛rP❆❈❊❙✷✵✶✵
❬✷❪ ❘❛♥❞♦❧♣❤ ❇r♦st✱ ❆♣♣❛r❛t✉s ❛♥❞ ♠❡t❤♦❞ ❢♦r ❜✉✐❧❞✐♥❣ ❧✐♥❡❛r s♦❧❛r
❝♦❧❧❡❝t♦rs ❞✐r❡❝t❧② ❢r♦♠ r♦❧❧s ♦❢ r❡✢❡❝t✐✈❡ ❧❛♠✐♥❛t❡ ♠❛t❡r✐❛❧✱ ■♥t❡r✲
♥❛t✐♦♥❛❧ ♣❛t❡♥t ❛♣♣❧✐❝❛t✐♦♥ ❲❖✴✷✵✶✵✴✵✽✸✷✾✷
❬✸❪ ❏♦r❣❡ ❋❛❝❛♦ ❛♥❞ ❆r♠❛♥❞♦ ❈✳ ❖❧✐✈❡✐r❛✱ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❛
tr❛♣❡③♦✐❞❛❧ ❝❛✈✐t② r❡❝❡✐✈❡r ❢♦r ❛ ❧✐♥❡❛r ❋r❡s♥❡❧ s♦❧❛r ❝♦❧❧❡❝t♦r ❝♦♥✲
❝❡♥tr❛t♦r✱ ❘❡♥❡✇❛❜❧❡ ❊♥❡r❣② ✸✻ ✭✷✵✶✶✮ ✾✵✲✾✻
❬✹❪ ❆✳ ❋❡r♥á♥❞❡③✲●❛r❝í❛ ❡t ❛❧✳✱ P❛r❛❜♦❧✐❝✲tr♦✉❣❤ s♦❧❛r ❝♦❧❧❡❝t♦rs ❛♥❞
t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s✱ ❘❡♥❡✇❛❜❧❡ ❛♥❞ ❙✉st❛✐♥❛❜❧❡ ❊♥❡r❣② ❘❡✈✐❡✇s ❱♦❧✲
✉♠❡ ✶✹✱ ■ss✉❡ ✼✱ ❙❡♣t❡♠❜❡r ✷✵✶✵✱ P❛❣❡s ✶✻✾✺✲✶✼✷✶
❬✺❪ ❆✳ ❍ä❜❡r❧❡ ❡t ❛❧✳✱ ❚❤❡ ❙♦❧❛r♠✉♥❞♦ ❧✐♥❡ ❢♦❝✉ss✐♥❣ ❋r❡s♥❡❧ ❝♦❧❧❡❝t♦r✳
❖♣t✐❝❛❧ ❛♥❞ t❤❡r♠❛❧ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ❝♦st ❝❛❧❝✉❧❛t✐♦♥s✳ ■♥✿ ■♥✲
t❡r♥❛t✐♦♥❛❧ s②♠♣♦s✐✉♠ ♦♥ ❝♦♥❝❡♥tr❛t❡❞ s♦❧❛r ♣♦✇❡r ❛♥❞ ❝❤❡♠✐❝❛❧
❡♥❡r❣② t❡❝❤♥♦❧♦❣✐❡s✱ ❩ür✐❝❤❀ ✷✵✵✷✳
❬✻❪ ❆✳ ❍ä❜❡r❧❡ ❡t ❛❧✳ ▲✐♥❡❛r ❝♦♥❝❡♥tr❛t✐♥❣ ❢r❡s♥❡❧ ❝♦❧❧❡❝t♦r ❢♦r ♣r♦✲
❝❡ss ❤❡❛t ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✸t❤ ✐♥t❡r♥❛t✐♦♥❛❧
s②♠♣♦s✐✉♠ ♦♥ ❝♦♥❝❡♥tr❛t❡❞ s♦❧❛r ♣♦✇❡r ❛♥❞ ❝❤❡♠✐❝❛❧ ❡♥❡r❣② t❡❝❤✲
♥♦❧♦❣✐❡s✿ ❙❡✈✐❧❧❡✱ ❙♣❛✐♥❀ ❏✉♥❡ ✷✵✱ ✷✵✵✻✳
❬✼❪ ❆✳ ❍♦❡r♠❛♥♥ ❡t ❛❧✳✱ ▼❡t❤♦❞ ❛♥❞ ❛♣♣❛r❛t✉s ♦❢ ❙❤❛♣✐♥❣ ❛ ❘❡✢❡❝t♦r✱
■♥t❡r♥❛t✐♦♥❛❧ ♣❛t❡♥t ❛♣♣❧✐❝❛t✐♦♥ ❲❖✴✷✵✶✵✴✶✶✶✶✽✼
❬✽❪ ❲✳ P✐❧❦❡②✱ ❆♥❛❧②s✐s ❛♥❞ ❉❡s✐❣♥ ♦❢ ❊❧❛st✐❝ ❇❡❛♠s✳ ❏♦❤♥ ❲✐❧❡② ✫
❙♦♥s ✷✵✵✷
✶✺
❬✾❪ ❙✳ ❚✐♠♦s❤❡♥❦♦✱ ❍✐st♦r② ♦❢ str❡♥❣t❤ ♦❢ ♠❛t❡r✐❛❧s✱ ▼❝●r❛✇✲❍✐❧❧ ✶✾✺✸
❬✶✵❪ ❋✳ ❚r✐❡❜ ❡t ❛❧✳✱ ❙♦❧❛r ❡❧❡❝tr✐❝✐t② ❣❡♥❡r❛t✐♦♥✲❛ ❝♦♠♣❛r❛t✐✈❡ ✈✐❡✇ ♦❢
t❡❝❤♥♦❧♦❣✐❡s✱ ❝♦sts ❛♥❞ ❡♥✈✐r♦♥♠❡♥t❛❧ ✐♠♣❛❝t✱ ❙♦❧❛r ❊♥❡r❣② ❱♦❧✳
✺✾✱ ◆♦s✳ ❧✲✸✱ ♣♣✳ ✽✾✲✾✾✱✶✾✾✼
❬✶✶❪ ●✳ ❳✐❛♦✱ ❚✐❧t✐♥❣ ♠✐rr♦r str✐♣s ✐♥ ❛ ❧✐♥❡❛r ❋r❡s♥❡❧ r❡✢❡❝t♦r✱ t♦ ❛♣♣❡❛r
❬✶✷❪ ●✳ ❳✐❛♦✱ ●❡♦♠❡tr✐❝ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❛ ▲❋❘ r❡❝❡✐✈❡r✱ t♦ ❛♣♣❡❛r
✶✻
